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Abstract. We prove modularity of some two dimensional, 2-adic Galois representations over totally real 
fields that are nearly ordinary and that are residually dihedral. We do this by employing the strategy of 
Skinner and Wiles, using Hida families, together with the 2-adic patching method of Khare and Winten- 
berger. As an application we deduce modularity of some elliptic curves over totally real fields that have 
good ordinary or multiplicative reduction at places above 2. 
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Introduction 

The Fontaine-Mazur-Langlands conjecture (in a special case) predicts that totahy odd, geometric, ab- 
solutely irreducible p-adic representations of Gal(Q/F), for F C Q a totally real number field, arrise from 
Hilbert modular forms. When F = Q and p is odd, this conjecture has been resolved in almost all cases. 
When [F : Q] > 1 and p is odd, much is still known (especially if p is split in F). Less is known when 
p = 2 because the Taylor- Wiles method encounters technical difficulties. The first 2-adic modularity lifting 
theorem (known to the author) was proved by Dickinson [D] for F = Q. Recently, Khare and Wintenberger 
[KW| and Kisin jK3j developed an extension of the Taylor- Wiles method to prove modularity of a wide 
class of 2-adic representations, and this was essential in their proof of Serre's conjecture. It's interesting to 
note that, since proofs of the known cases of the Fontaine-Mazur-Langlands conjecture for GL2 use Serre's 
conjecture as an important ingredient, 2-adic modularity lifting theorems have had applications in proving 
modularity of p-adic representations even when p is odd. 

Due to their technical nature, the current 2-adic modularity lifting theorems require stronger assumptions 
than their p > 2 counterparts. One such assumption is that the residual representation has non-solvable 
image (the main theorem of |D] has a gap in the residually solvable case; namely in the proof of Lemma 40 
on page 369 of loc. cit. it is incorrectly assumed that certain matrices have distinct eigenvalues). A 2-adic 
modularity lifting theorem in the residually solvable case is desirable for a number of reasons, one of which 
is that the 2-adic representations arising from elliptic curves are always residually solvable. The main result 
of this paper such a theorem. 

This is done by employing a strategy of Skinner and Wiles. They showed, in the p > 2 case, that certain 
representations of Gal(Q/F) for (most) totally real fields obeying an ordinarity hypothesis are modular, 
assuming only that the residual representation is absolutely irreducible, cf. jSW2j . Usually, one assumes 
further that the residual representation is absolutely irreducible when restricted to the finite index subgroup 
Gal(Q/F(^p)). Their strategy is to use Hida families in order to move to a new "residual" representation 
where one can assume stronger conditions. We carry out the Skinner and Wiles method in the 2-adic case and 
prove modularity of representations that are ordinary at places above 2 and whose reductions are absolutely 
irreducible with solvable image. It is worth mentioning that this strategy is based in turn on a strategy of 
theirs for proving modularity in the more difficult case of residually reducible representations, albeit for less 
general totally real fields, cf. jSWlj . 

The main result of this paper is the following theorem. In assumption (2) below, the isomorphism of local 
class field theory is normalized so that uniformizers correspond to arithmetic Frobenii. Also, the extension 
L/F in assumption (5) is unique since any absolutely irreducible, 2-dimensional, mod 2 representation with 
solvable image is dihedral, by the classification of subgroups of PGL2 (F2), and the image of a mod 2 dihedral 
representation has order not divisible by 4. 

Theorem. Let F be a totally real subfield ofQ. Let Jp denote set set of embeddings F ^ Q. Fix embeddings 
Q ^ Q2 '^^d Q ^ C. Via these embeddings we view Jp as the set of embeddings {F ^ R} as well as the 
set of embeddings {F ^2}- -^^r any v\2 in F, let Jp^ C Jp denote the subset of t that give rise to v. We 
identify Jp^ with the set of embedding Fy ^ Q2 . 
Let 

p:Gp^ GL2(Q2) 

be a continuous representation unramified outside finitely many primes. Assume there is some (k, w) G Jp, 
such that kr > 2 for each t €z Jp and w = + 2u)r is independent of t, and such that: 

(1) dot p ~ 0e^^^, with (j) a finite order character and €2 the 2-adic cyclotomic character; 

(2) for each v\2, p\g^ ~ ( * * ) '^'^'^ Xv{y) = Yirelp V^"'^ some open subgroup of Op , viewing 

Xv OS a character of F^ via class field theory; 

(3) for each choice of complex conjugation c, det p{c) = —1. 

Lefp : Gp — > GL2(F2) denote the residual representation associated to p. We also assume: 

(4) p is absolutely irreducible with solvable image; 

(5) letting L/F denote the unique quadratic extension such that 'p\gl abelian, if L/F is CM, then 
there is some v\2 in F that does not split in L. 
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Under these assumptions p is modular, i.e. there is a 2-nearly ordinary, regular algebraic, cuspidal auto- 
morphic representation n o/GL2(Ai?) such that p = p^. 

We will actually prove this with assumption (4) replaced by the assumption that p is absolutely irreducible 
and admits a 2-nearly ordinary modular lift, c.f. 15.2.11 A theorem of Wiles allows us to produce ordinary 
lifts in the residually dihedral case, cf. 15.1.21 and the main theorem follows. 

First, some comments on the assumptions in the theorem. Condition (2) is the near-ordinarity condition, 
and it is essential to the method as we use Hida families. The condition (4), together with allowing general 
totally real fields F, is the main improvement in this paper. As mentioned above, both the results of [KW| 
and |K3| exclude the residually solvable case, and they also assume F is unramificd above 2 in the potentially 
ordinary case. Condition (5) is technical and is related to the fact that when the extension L/F is CM and 
every v\2 in F splits in L, Hida's universal nearly ordinary Hecke algebra has CM components. I will 
elaborate on this below. 

The main theorem has the following corollary. 

Corollary. Let F be a totally real field and let E be an elliptic curve over F with j -invariant je- Let A be 
the discriminant of some Weierstrass equation defining E. Assume: 

(1) for every v\2 in F , the valuation of je at v is < 0; 

(2) E has no 2-torsion defined over F and A is not a square in F ; 

(3) i/ A is totally negative, then there is some v\2 in F such that A is not a square in Fy. 
Then E is modular. 

This essentially follows immediately from the main theorem; the details are given in l5.3.1l Some examples 
of elliptic curves satisfying the assumption are given in 15.3.21 Note that the discriminants of two different 
Weierstrass equations differ by a square in F; so, the assumptions of the corollary are insensitive to the 
choice of Weierstrass equation. 

Strategy. I will now elaborate on the strategy of the proof. 

We consider a certain large deformation ring where at places above 2 we enforce no p-adic Hodge theory 
conditions but demand that the representations be reducible. Using standard arguments, we show that there 
is a surjective morphism from our large deformation ring R (tensored with a certain Iwasawa algebra) to a 
2-nearly ordinary Hecke algebra T, and we call a prime ideal of R pro-modular if it is the puUback of one 
from T. If we prove that all prime ideals of R are pro-modular, then Hida's classicality theorem implies that 
any representation satisfying (1), (2), and (3) in the statement of the theorem is a classical point of this 
large Hecke algebra. 

In order to show that all prime ideals of R are pro-modular, following Skinner and Wiles, we prove two 
things: 

(1) there exist certain dimension 1 characteristic 2 pro- modular prime ideals p of the Hecke algebra, that 
we will call "nice primes" below, such that we can adapt the 2-adic Taylor- Wiles method to prove 
the localizations and completions of R and T at such primes are isomorphic; 

(2) that every minimal prime of R is contained in a nice prime. 

To prove step (1), there are two main difficulties in combining the methods of Skinner and Wiles with 
those of Kharc and Wintenberger: namely, proving the existence of Taylor- Wiles primes and performing the 
patching. The reason why the 2-adic Taylor- Wiles method fails in the residually dihedral case is because 
the image is too small. We thus need to ensure that our nice primes do not generate dihedral deformations; 
as in jSW2j . we require that they have dimension 1, characteristic 2, and when the universal deformation is 
specialized at p, the resulting representation is non-dihedral. The calculations of |SW1| and [SW2j bounding 
the size of a certain cohomology group do not work in the p = 2 case because they rely heavily on complex 
conjugation acting semisimply. To overcome this we further require that the image of the representation 
associated to our nice prime contains a non-trivial unipotent element. This allows us to use of a result of 
Pink [P] to show that the image of the Galois representation attached to one of these prime ideals is open 
in SL2(-fCo)i where Kq is a finite index subfield of the residue field of p. This fact allows us to explicitly 
compute the cohomology groups in question, and to show the existence of the Taylor- Wiles primes. As in the 
work of Skinner and Wiles, there is a technicality that must be dealt with all the while; namely, wc cannot 
adapt the Taylor- Wiles patching argument directly to the localized deformation rings and Hecke algebras. 
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This is because at the heart of the patching argument is a simple diagonahzation in the spirit of Cantor, 
based on the fact that we have infinitely many objects, each being finite. This finiteness is lost if one tries to 
perform patching after localizing, so we must perform the patching integrally, and then localize after taking 
limiting objects. Because things are done integrally, we must take care to control torsion submodules of the 
cohomology groups we compute. In particular, we will have to ensure that the torsion subgroups of certain 
cohomology groups and Hecke modules do not depend on the choice of Taylor- Wiles primes. 

After carrying out the patching there is another complication that arises not present in the work of 
Skinner and Wiles. In the Taylor- Wiles argument as improved by Kisin, the point of the patching is to 
create a limiting object that, for dimension reasons, is isomorphic to a certain power series ring over a local 
deformation ring. One then uses a description of the minimal primes of the local deformation ring in order 
to show that the Hecke module in question is supported on the component of the universal deformation ring 
containing the point corresponding to the representation we wish to prove is modular. In our situation, the 
dimension argument can only be applied after localizing and completing the appropriate rings at our fixed 
nice prime. The completion may increase the number of minimal primes of our local deformation ring, and 
if we cannot describe them anymore, then we cannot hope to say our Hecke module is supported on the ones 
we want. In order to avoid this, we require further that the nice primes lie over the distinguished locus of 
the local deformation ring at all places above 2. This allows us to show that the puUback of nice primes to 
the local deformation ring lie in the normal locus. Then the completion of the localized local deformation 
ring will again be normal, hence a domain. 

In order to show that the local deformation ring is normal at nice primes, it is not enough to analyze its 
characteristic zero points. We must know something about its mod 2 points as well. In the case of the local 
deformation ring at places above 2, we use the Deumuskin relation to explicitly compute the deformation 
ring on the locus of distinguished deformations. For the local deformation rings at primes not above 2, 
we use recent ideas of Snowden that allow us to show the deformation ring mod 2 may be thought of as 
representing a certain moduli space of unipotent matrices, whose structure can be described in detail. 

The step (2) is carried out as in the work of Skinner and Wiles, except that we use a connectedness 
theorem of Gothendieck instead of the theorem of Mme. Raynaud. Grothendieck's theorem is more readily 
applicable to our situation, as we do not show that our local deformation ring satisfies Serre's property (S'2), 
which is necessary (at least on a certain open locus) to apply Raynaud's theorem. We first show that a nice 
prime exists. Using step (1) we know that any irreducible component containing it is pro-modular. Let C be 
one such component and let C be any other component. The connectedness theorem of Grothendieck implies 
that there is a chain of irreducible components C = Co, . . . , Cm = C" such that the dimension of Ci n C^+i 
is large. Using this, we show that if Ci is pro-modular, then Ci n C^+i contains a nice prime; applying step 
(1) again we deduce that C^+i is pro- modular. Continuing in this way, we deduce the pro-modularity of C". 

In order to show that CiflCi+i having large dimension implies that it contains a nice prime, we in particular 
need that Ci H Ci+i is not contained in the dihedral locus. This is why we need the extra condition in the 
CM case. If L/F is CM and every place above 2 in splits in the quadratic extension L/F, the dihedral 
locus will form an irreducible component of the Hecke algebra, hence conjecturally also of the deformation 
ring. In this case, even if we start out with non-dihedral components C and C", the author does not how 
how to guarantee that the Ci appearing above after applying Grothendieck's theorem are non-dihedral. If 
our extra assumption is satisfied, i.e. that there is some v\2 that does not split in L, then having large 
dimension implies that our representation is distinguished at this which then implies it is not dihedral. 
In the case that L/F is not CM, we use known cases of Leopoldt's conjecture to base change to a situation 
where the dihedral locus has sufficiently large codimension so that it doesn't contain any of the intersections 
Ci n Ci+i. 

Outline. The paper is organized as follows. 

In Sjl] we start by recalling some commutative algebra facts about complete Noetherian local rings. In 
particular, we recall facts about their completed tensor product. We also record Grothendieck's connected- 
ness theorem. Wc then recall the notion of group actions and group chunk actions from |KW| that will be 
necessary for the patching argument. After this, we turn to deformation theory, first recalling some general 
facts. We then study the nearly-ordinary deformation rings at places above p, the main points being to 
show that it is a domain of the correct dimension, that over a certain locus its reduction mod p is still a 
domain, and that a certain locus of its characteristic zero points are smooth. We then recall some facts about 
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the local deformation rings away from p and use ideas of Snowden to show that they are domains mod p. 
After that we turn to global deformations. The main points of this subsection are to recall that our global 
deformation ring has an appropriate presentation over the local one, in order to later apply Grothendieck's 
connectedness theorem, and to show that a certain group action on the universal deformation ring is free. 
Lastly, we prove some small lemmas regarding deformations of dihedral representations, which will be useful 
in proving certain deformations are non-dihedral as well as to determine some properties of non-dihedral 
deformations. 

In Sj2l we recall Hida's theory of nearly ordinary automorphic forms in the totally definite quaternionic 
case. In the first subsection, we state definitions, analyse certain neatness properties of the open subgroups 
that will comprise our level, and state the relation to cuspidal automorphic representations of GL2. In the 
next subsection, we define the nearly ordinary Hecke algebra, and in the following subsection construct the 
universal nearly ordinary Hecke algebra. If the following subsection, we recall the Galois representations 
associated to eigenforms, and show how they give a Galois representation into the universal Hecke algebra 
such that the induced map from the universal deformation ring is surjective and factors through the quotient 
defined in ll.6.51 In the final subsection, we augment the level with Taylor- Wiles primes. The Taylor- Wiles 
primes we use to augment the level may have the property that the corresponding Frobenii do not have 
distinct eigenvalues under the residual representation. Because of this we cannot prove the standard control 
theorem, as there may be lifts of p that are Steinberg at these primes. We show however, that the obstruction 
to the usual control theorem is annihilated by an element that becomes invertible after localizing at one of 
our nice prime ideals. 

In S|3l we show the existence of the Taylor- Wiles prime associated to a representation into GL2(A), with A 
the ring of integers in a characteristic 2 local field K , satisfying some technical hypotheses. The main input 
is Pink's result [P| that allows us to conclude that the intersection of the image with SL2(A) is conjugate to 
an open subgroup in SL2(Ao), where Aq is the ring of integers of a characteristic 2 local subfield Kq C K. 
This allows us to compute explicitly with cocycles. As mentioned above, we must compute these cohomology 
groups integrally, and keep track (or at least bound) the torsion subgroups. 

In 21 prove the i?''®'^ = T theorem. This section together with comprise the technical heart of the 
paper. The patching argument is a synthesis of the proof of [KWl Proposition 9.3] and (SW1[ §5]. The idea 
is to mimic the proof of |KW[ Proposition 9.3], but to define the maps from a power series over the local 
deformation ring i?ioc[[a;i, . . . , Xk]] to our augmented level global deformation rings i?„, in such a way that 
the xi, . . . , Xfe are mapped to the puUback to i?„ of our fixed nice prime ideal, instead of the maximal ideal. 
In this way, we get a surjection after localizing and completing at the nice prime. When defining these maps, 
we need to ensure that certain cokernels are finite of bounded size, so that when we take a projective limit 
the ranks of the resulting limiting modules do not grow. It is due to this reason that we needed to ensure 
that the torsion subgroups of the cohomology groups computed in ^ did not depend on the Taylor- Wiles 
primes. After proving the localized R'^^'^ = T theorem, we apply the connectivity argument to conclude that 
R""^ = T. 

The last section, ^ proves the main theorem. We first recall some congruences proved in [K21IKW] 
necessary to show the existence of appropriate automorphic lifts after base change. We also prove a small 
lemma that shows the existence of ordinary lifts in the residually dihedral case, using a result of Wiles |W] 
that allows one to insert an ordinary Hilbert modular form of parallel weight 1 into a p-adic family. We then 
prove the main theorem, by applying base change, combining the aforementioned congruences together with 
known cases of Leopoldt's conjecture so that we satisfy the assumptions of the R'°'^ = T theorem of ^ 



Notation and conventions. We state some notation and conventions used in this paper. We will denote 
by p a rational prime throughout. In the later sections we will usually take p = 2. Let Q be the algebraic 
closure of Q in C. For any subfield L C Q wc set Gl = Gal(Q/i). Throughout F will denote a totally 
real number field inside Q. Given a finite set S of places of F we denote by Gp.s = Gal{Fs / F) , where Fs 
is the maximal Galois extension of F contained in Q, unramified outside S. Wc let Jp denote the set of 
embcddings F ^ Q. 

For each rational prime £, fix an algebraic closure of Qe and embcddings Q ^ Q^. We can then view 
Jf as the set of embedding of F into any of the or C. For any place of F we denote by Fu the completion 
oi F a,t V inside Q^, or C. In the case that v is non-archimedean, we write Gv = Ga.\{Qi/Fy) and let ly 
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denote the inertia subgroup. For v archimedean, we let Gy = Gal(C/i^^). In either case we identify with 
a decomposition group of Gp at v via the embedding Q ^ Qg, or Q ^ C. 

As usual Ap will denote the ring of adeles of F and will denote the subring of finite adeles. We 
normalize the isomorphism of local class field theory so that uniformizcrs correspond to arithmetic Frobcnii, 
and normalize global class field theory compatibly. 

We will denote by ep the p-adic cyclotomic character and is reduction mod p. We use homological 
conventions for our Galois representations; for example, the Galois representation attached to an elliptic 
curve is the one coming from its Tate module, not cohomology. With this convention, a representation is 
ordinary at v if the local representation is reducible with an unramified quotient. 

We will let E denote a finite extension of Qp contained in Qp. We will let O denote its ring of integers 
and F its residue field. We will occasionally enlarge E if necessary. We let CNLq denote the category of 
complete, Noetherian, local, O-algebras A such that the structure morphism O ^ A induces an isomorphism 
of residue fields. The morphisms in CNLo are local O-algebra morphisms. Given an object B in CNLq we let 
CNLs denote the subcategory whose objects are B-algebra and whose morphisms are _B-algebra morphisms. 
We let CNL^'' be the opposite category of CNLs and we identify it with the category of representable 
set- valued functors on CNL^ via the Yoneda embedding. Given a CNL^-algebra A, we denote by SpiA the 
correpsonding object of CNL^^, which should cause no confusion as the natural embedding of CNL^^ into 
the category of formal B-schemes is fully faithful. Given any local ring A, we denote by its maximal 
ideal. 

Given a separable field extension L/K, we let Nm^/;^- denote the norm from L/K. We refer the reader 
to the beginning of each section for more notation and conventions that will be employed in that particular 
section. 
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1. Deformation Theory 

In this section we develop the necessary deformation theory. In Hl.ll we recall some commutative algebra 
facts for complete Noetherian local rings with finite residue field. Of particular importance to our applications 
later will be recalling some facts regarding the completed tensor product of such rings, cf. I1.1.4[ and the 
conncdness theorem of Grothendieck, cf. 11.1.61 

The following subsection recalls some facts from |KWj regarding group actions in the category CNLo . In 
particular, the notion of group chunks and the building of free actions using them is essential to the 2-adic 
Taylor- Wiles method developed in jKW| , and we will use these results in 21 The following subsection recalls 
some general definitions and results about deformation theory. 

The subsequent subsection deals with determining the local deformation rings at the prime p. We follow 
the construction of Geraghty |Glj . However, as we deal only with dimension 2. we can be more explicit and 
use the Dcmuskin relation to prove that a certain open subset of the special fibre is integral. This will be 
important for showing that a certain localization of a completed tensor product of local deformation rings 
is normal in ^ Also important to establish this normality is to prove a certain open subset of the generic 
fibre is smooth, and we prove this following |G1| . 

The next subsection deals with determining the local deformation rings at the places not equal to p. Most 
of this is simply recalling results proved in [K21IK3[rKW| . However we will also need information about the 
special fibre of such rings. This is easy in the archimedean case, and to do this in the case I ^ p wc use ideas 
of Snowden [S]. This is important for showing the normality of the above mentioned ring in fj4l 

In the next subsection we deal with deformations of global Galois groups. We recall some definitions and 
properties and show that a certain quotient of the universal deformation ring (tensored with an Iwasawa 
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algebra) can be presented as a complete Noetherian domain modulo "few" relations, which will be necessary 
to apply the connectivity result 11.1.71 later. We also recall some facts regarding twists of the universal 
deformation by characters, as in jKWj . which is essential to the 2-adic method. 

In the last subsection, we prove some easy facts regarding deformations of dihedral representations, that 
will be useful for determining the images of non-dihedral deformations to characteristic p local fields as well 
as to establish criteria for a deformation to be non-dihedral. 

We now set up some more notation. Fix a choice of uniformizcr we for E. Given a CNLo-algcbra B, we 
denote by Atb the full subcategory of CNLs consisting of Artinian objects. Given a finite extension E' /E, 
we also let Ar^' denote the category of Artinian local rings with residue field E' with topology given by 
its structure as a finite dimensional i^'-vector space. Note that such rings are canonically i?'-algebras. The 
morphisms in Aye' are local £"-algebra morphisms. 

1.1. Some commutative algebra. We recall some facts about objects in CNLq and their completed tensor 
products that will be useful to us later. 

1.1.1. Recall a scheme X is called Jacobson if for any closed subset Z C X, the set of closed points in Z is 
dense. We say a ring R is Jacobson if Speci? is Jacobson. If i? is a CNLo-algebra, |G41 Corollary 10.5.8] 
shows that Spec R \ {xnn} is Jacobson, and if p is not nilpotent in R then i?[l/p] is Jacobson. Parts (1) and 
(2) of the following proposition is |KW1 Proposition 2.2 (i)] and part (3) is |KW[ Corollary 2.3]. 

Proposition 1.1.2. Let R be an O-flat CNLo-algebra. 

(1) There is a finite extension E' / E with ring of integers O ' and a local O-algebra morphism R ^ O . 

(2) Ever maximal ideal of R[\/p] is the image of the generic point o/ Spec C Speci?, with R ^ O' 
as in (1). 

(3) Let L be an ideal of R and let X[I) denote the set of all morphisms R ^ O' as in (1) whose kernel 
contains L. Lf R/I is O-flat and reduced, then L = r\x£X{i) ker(a;) 

1.1.3. Let Ri and i?2 be CNLo-algebras. Then their completed tensor product over O is again a CNLo- 
algebra. To see this, let m denote the kernel of the natural map Ri®oR2 ^ ®o F = F. Since Ri®oR2 
is complete for the m-adic topology and we have an injection F^ ^ (i?i<SDo^2)^ , any element which does 
not belong to m is invertible, and so Ri®oR2 is local. We can write Ri as a quotient of a power series ring 
©[[xi, . . . ,a;(i.]], and so Ri®ciR2 can be written as a quotient of the power series ring ©[[a^i, . . . ,X(ii+d2]]j 
hence is Noetherian. 

If Ri and R2 are flat CNLo-algebras then Ri — > Ri®oR2 is flat, cf. Lemma 19.7.1.2 of section of |G2j . 
In particular Ri^aR2 is O-flat. 

Proposition 1.1.4. Let Ri and R2 be CNLa-algebras and let R = Ri(E)oR2- 

(1) Let E' / E be a finite extension and for each z = 1,2 let Xi : Ri[\/p] — > E' be an E' -point that is 
formally smooth over E. The E' -point {xi,X2) ■ R[l/p] — > E' is formally smooth over E. 

(2) If for each i ~ 1,2, Ri is O-flat and Ri[l/p\ is geometrically integral, then so is R[l/p\. In particular, 
R is a domain. 

(3) Assume that each Ri is O-flat and that for any minimal primes of Ri, Ri/qi[l/p] is geometrically 
integral. Then any minimal prime of R is of the form qi®i?i + Ri<Sic\2, with a minimal prime of 
Ri- 

(4) Assume each Ri is an ¥ -algebra and let Nil(i?i) denote the nilradical of Ri. The nilradical of R is 

Nil(i?i)®iFi?2 + i?l®FNn(i?2)- 

Proof Parts (1) and (2) are [Kl Lemma 3.4.12]; see also [KWl Proposition 2.3]. 

Let q be a minimal prime of R and let q^ be its puUback to Ri. We have qi®o^2 + Ri^o(\2 C q. 
Note that {Ri / c[i)<E)o{R2 / (^2) is a domain by (2), and has the same dimension as R. The natural surjcction 
R (-Ri/qi)(8io(-R2/q2) then must have kernel q. 

We now prove (4) . Let Nil(i?) denote the nilradical of i?. Since each Nil(i?j;) is finite length, Nil(i?i)(8)Fi?2 = 
Nil(i?i) ®f R2 and Ri^fNi\{R2) = Ri Nil(i?i). By considering simple tensors, we see that Nil(i?i) (gjp 
R2 + Ri ®F Nil(i?2) C Nil(i?). Consider the surjection 

R — ^ R/{Ri (8)F Ml(i?2) + Ri ®F Ml(i?i)) ^ (i?i/Nfl(i?i))®F(i?2/Nfl(i?2)). 

A theorem of Chcvallcy, cf. [Ul CoroUary 7.5.7], shows that (i?i/Nil(i?i))(8)F(i?2/Nfl(i?2)) is reduced, 
and so Nil(i?) C Nil(i?i) ®f R2 + Ri ®f Nil(i?2)- □ 
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1.1.5. We record a connectedness theorem of Grothendieck. This wih be used m 14.4.31 in the same way as 
[SW1[ Corohary A. 2] is used in the proof of |SW21 Proposition 4.2]. We use Grothendieck's theorem because 
it is more readily imphes connectivity results for the spectra of quotients of complete local Noctherian 
domains than does the theorem of Raynaud used in jSWli Corollary A. 2]. 

We say that a Noetherian scheme X is k- connected if dim X > k and for any closed subset Z (- X with 
dim Z < k, the topological space X \ Z is connected. Clearly, if X is fc-connected, it is fc'-connected for any 
k' < k. Note that a Noetherian scheme X is fc-conncctcd if and only if 

- every irreducible component of X has dimension > fc; and 

- for any two irreducible components C and C" of A", there is a sequence of irreducible components 



U — Uq, Oi, . . . , L/„ — O 

such that dim(Ci n C^+i) > k for each < i < n. 
We will use this formulation later. The following is jG51 Expose XIII, Theorem 2.1]. 

Proposition 1.1.6. Let A be a complete Noetherian local ring and let G nr^. If Spec A is k- 

connected and r < k, then Spcc^/(/i, . . . , fr) is k — r-connected. 

For a detailed proof of this proposition see |F0V1 §3.1]; in particular, see the proof of Theorem 3.1.7 found 
there. Upon noting that any Noetherian domain A is (dim^— l)-conncctcd. wc have the following corollary. 

Corollary 1.1.7. Let A be a complete Noetherian local domain and let fi, . . . , fr G rriA- If r < dim A — 1, 
then Spec A/{fi, . . . , fr) is (dim A — r — l)-connected. 

1.2. Group actions on CNLq. Wc quote some results and definitions regarding group action on the 
category CNLo from [KW| , which will be necessary for the patching argument in SjH This material is taken 
directly from |KW| §2.4-2.6], and we refer the reader there for proofs. 

1.2.1. Let G be a group object in CNL^'. Wc call G a CNLo-group. Lcting A{G) denote the CNLo- 
algcbra representing G, we note that the group structure on G is defined in the same way as the Hopf 
algebra structure on an affine algebraic group except that our comultiplication takes values in the completed 
tensor product A{G) A{G)'g)oA{G). 

Let X be an element of CNLq', and let A{X) be its affine CNL^-algebra. We similarly define an action 
of G on X, i.e. a CNLo-morphism 7 : A{X) -J> A{G)<SSioA{X) making G{A) x X{A) -J> X{A) a group action 
that is functorial in A. An action is free if the map G x X ^ X x X given by {g, x) = {gx, x) on points is a 
closed immersion. This is equivalent to requiring that for any CNLo-algcbra A, G{A) acts freely on X{A). 
We let A(X)o denote the subalgebra of A(X) consisting of elements a such that 7(a) = 1(E) a. The elements 
a G A(X)o arc the functions on X that are constant on orbits, i.e. a{gx) ~ a{x) for any CNLo-algcbra A 
and X e X{A), g S G{A). 

1.2.2. Let 77 be a finitely generated abelian group whose torsion is a power of p. Wc call the diagonalizable 
CNLo-group associated to 77, denoted H* . the CNLo-group defined by completing the diagonalizable group 
associated to H as in [G5|, Expose VIII] at the identity clement of the special fibre. Concretely, we have 
Z* = G^; the formal torus on CNLo, and (Z/p' Z)* = Upv. All other 77* are products of these two examples. 
Note that a surjcction of abelian groups 77 — 77' induces a closed immersion (77')* — !• 77*. The following is 
a combination of |KW[ Proposition 2.5] and |KW[ Proposition 2.6]. 

Proposition 1.2.3. Let X be an object in CNL^ and let H be a finitely generated group with a free action 
H* X X ^ X. 

(1) A quotient H*\X exists in CNL^, and if H is torsion free, then X — > H*\X is formally smooth of 
relative dimension equal to the rank of H . 

(2) The morphism X — > H*\X makes X a torsor over H*\X for 77* x (H*\X), i.e. the map 

[H* X [H*\X)) Xh^\x X^X Xh.\x X 

given on points by {g,x) 1— > {gx,x), is an isomorphism. 

(3) If H ^ H' is a surjective morphism of abelian groups, then (H')*\X has a natural free action of 
H*/{H')* and H*\X is naturally isomorphic to the quotient of {H')*\X by the action of H* /{H')* 
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1.2.4. Let m > 1 be an integer. Denote by CNL[^"' the full subcategory of CNLq consisting of objects 
A such that m^' = 0. For a CNLo-algebra A, we denote by AI™] the CNL^J^' -algebra A/m'^. Note that 
A ^ defines a functor from CNLo to CNLj^', and we call At™] the truncation to level m of A. For A 
a CNLo-algebra, the restriction of SpfA to CNl|^' is isomorphic to SpfA^™!. If X is an object in CNL^, 
X = SpfA(X), we let = SpfA(X)['"l on CNL^!;'', and caU Xl"! the truncation to level m of X. If 

X = then any CNLgP-niap X factors through fI"!. A map X — > y is a closed immersion if and 

only if — !• is a closed immersion for each m. Note that if Ai and A2 are CNL^^'-algebras, then 
^1(8)0^2 may not be, and the restriction of SpfAi x SpfA2 to CNl|^' is represented by {AiiS>o^2)^™^ ■ 

We define a group chunk of level m to be G = Spf^(G'); where A{G) is a CNl|^' -algebra equiped with 
CNL|^l-morphisms A{G) (A(G)«)oA(G))["'l , A{G) A{G), and A{G) Ol'"! satisfying the usual 
diagrams defining a Hopf algebra. A group chunk of level m defines group functor on CNL^'' . Note that if 
we are given a CNLo-g roup C, G '™' is a group chunk of level m, for all m > 1. 

Let X = SpfA(X) with A{X) a CNL^'' -algebra, and let G be a group chunk of level m. We define a group 
action chunk of level m, to be a morphism (G x X)!™! — > X defining a functorial group action on CNL^"'. 
Note that the map (G x X x X given on points by (g, x) 1-)- {gx, x) factors through {X x We 

call the group chunk action free if (G x — > (X x is a closed immersion. Given a CNLo-action 

GxX ^ X, (G[™1 X ^ A:['"1 is a group action chunk of level m. We record [KWI Proposition 2.7]. 

Proposition 1.2.5. Lei G be a CNLo-group. Suppose for each m > 1, we have G^\}q^ -algebras Am and 
GKLo-morphisms A^+i Am, such that Aoo = lim Am is in CNLq (i.e. is Noetherian). Assume that for 
each m, we have a group action chunk of G^"^'^ on Spf^m - 

(1) Then there is a unique ClSlho-group action G x SpfAoo — > Spf^oo such that for each m, the group 
action chunk of G^™"^ on Spf is compatible with the group action chunk of GI™' on Am via the 
closed immersion Spf^m ~^ SpfA[^' . 

(2) // the group action chunks of G^"^^ on SpfA^ are free, then so is the action of G on Spf^oo- 

1.3. Some general deformation theory. We first introduce some notation and state some useful facts. 
Our references for this subsection are }M2| and |KW| §2]. 

1.3.1. Let G be a profinitc group and let 

p:G— ^GL„(F) 

be a continuous homomorphism. Denote by Vw the representation space of p. Given A e Ob(CNLe)), a 
lift of p to A is a continuous homomorphism p : G ^ GL„(A) whose reduction modulo mA is equal to 
p. A deformation of T^f to ^ is a pair {Va,4>a), where Va is a free rank two A-module with continuous 
G-action, and (f) is an isomorphism Va ®a F V^. We will usually drop from the notation. A 
deformation is an equivalence class of lifts, two lifts begin equivalent if they are conjugate by an element of 
ker(GL„(A) — >■ GL„(F)). Also, a deformation Va of 1^ to A together with a choice of basis for Va lifting 
our fixed basis of Vf determines a lift of p. For this reason we will also call lifts framed deformations. 

We define set valued functors V and T>^ on CNLo by letting respectively tP{A), denote the 

set of deformations of Vf to A, respectively the set of lifts of p to A. Sending a lift to its equivalence 
class of deformations gives a natural morphism T)^ — > 2?. If G satisfies the p-finiteness condition, i.e. if 
Hom(G',Z/pZ) is finite for all finite index subgroups G' of G, then is representable. We will give a 
proof of this fact bellow in 11.3.31 If further End]F[G!](]4i') = IF, then V is also representable. This can be 
checked using Schlessinger's critia, cf. jM2| . or by taking the quotient of by the free action of PGL2 , 
the completion of PGL2/C1 at the identity section of the special fibre. If R and PP denote the objects 
representing 2? and 2?'~', respectively, then the natural morphism R — > i?^ is formally smooth of relative 
dimension - 1, cf. [KWl §2.2]. 

Let ij] denote an O-valued character of G whose reduction is equal to det p. In the case that G is a local or 
global Galois group, or a quotient of one of these groups, we define a subfunctor of T) by letting 'D^{A) 
be the subset of 'D{A) consisting of deformations Va such that det Va = ipSp. We define V^'"^ similarly. Let 
R^ and p""'^ denote the object representing and its universal lift. If I is the ideal generated by the 
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elements detp""'^((T) — ipep{a), it is easy to see that FlP /I represents T)^'^ . Similarly if T> is representable, 
then so is V^' . 

1.3.2. We extend the functor T>^ to a larger category. Let Top^ be the category whose objects are pairs 
(A, /) , where A is a topological O-algebra and / is an ideal of A defining the topology of A such that / 
contains the image oi vje under the structure map O — >■ A and such that A is /-adically complete. The 
morphisms {A, I) — > (A',/') in Top^ are O-algebra morphisms (p : A A' such that (p{I) C /'. Note that 
the map A i-^ {A,mA) embeds CNLo as a full subcategory of Top^, and that for any {A, I) in Top^^ the 
map O ^ A induces an injection F A/ 1. 

Let G and p be as in ll.3.1[ and assume that G satisfies the p-finitcness condition. We define a functor 
on Topdj by letting 'D^{A,I) denote the set of continuous homomorphisms 

p:G^GL„(A) 

such that 

G ^GL„(A) 

P mod/ 

GL„(F) ^GL„(^//) 

commutes. Note that under the embedding A i-> {A,mA) of CNLq into Top^ the restriction of 2?'"' on Top^, 
to CNLo coincides with as defined in ll.3.11 

Proposition 1.3.3. There is a CNLo-aZt^e&ra such that (i?'^,m^n) represents on Top(»j. In partic- 
ular is representable on CNLq. 

Proof. Let G' = kerp, G'{p) it maximal pro-p quotient, and H the kernel of the natural surjection G' — 
G'{p). Note that H is normal in G as G' is normal in G and iJ is a characteristic subgroup of G'. Since G 
satisfies the p-finiteness condition, G' /H is topologically finitely generated; hence, so is G/H. Fix a set of 
topological generators 71, ... , 7^ of G/H . Let F denote the free group on the set {71, . . . , 7^,} and let 
denote its profinite completion. We have a natural surjection —J- G/H and we denote by K its kernel. 

For each 7fc, let [p(7a;)] G GL„(C') be the matrix whose entries are the Teichmiiller lifts of the entries of 
7>{lk)- Consider the power series ring ©[[a^^]] where 1 < i,j < n and 1 < k < m. We define a continuous 
homomorphism 

g:F^^ GL„(0[^.]]) 

by g(7fe) = [p(7fe)] + (dij)- Let J denote the ideal of ©[[afj]] generated by the elements of the matrices 
g{r) — 1 for all r £ K, and set = 0[[a'^j]]/J. Then the pushforward of g along ©[[a*!^]] R'^ defines a 
continuous homomorphism G/H — > GL„(i?'^), and we let 

^univ . Q GL„(i?°) 

be the continuous homomorphism given by precomposing with the surjection G — > G/H. Note that R^ is an 
object in CNLq. We will now show that (i?°,m^n) represents on Top^, and that p™^" is the universal 
lift. 

Let {A, I) be an object in Top^ and let 

p:G^ GL„(A) 

be an element of /). Since G -> GL„(A) GL„{A/I) has kernel G', and T"/r^+^ is p-torsion for ah 

ri, the morphism p factors through G/H. The morphism p is equivalent to giving matrices e GL„(j4) 
for each I < k < m, such that their reduction modulo / is equal to p(7fc), and such that the induced 
homomorphism — > GL„(A) is trivial on the subgroup K. By viewing p as a specialization of g., this 
is then equivalent to giving an O-algebra morphism ©[[aj^^]] — > A whose kernel contains J and such that 
the maximal ideal of ©[[afj]] is mapped to /, i.e to give an O-algebra morphism ip : R^ — > A such that 
(p{mfin) C /, and we see that p is the pushforward of p""'^ under this map. □ 

This proposition has the following immediate consequence. If E' / E is a finite extension with ring of 
integers O' and residue field F', then RP ®o O' represents the lifting functor for 'p®¥ F' on CNLo'. 
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1.3.4. Let E' / E be finite with ring of intergers C and residue field F'. Assume we are given a eontinuous 
homomorphism po' ■ G — ?> GL„(C) such that 

G ^GL„(0') 

p 

GL„(F) -GL„(r) 

commutes. Let pE' denote the induced morphism pE' '■ G — > GL„{E'). Let 2?^^, denote the functor on Ate' 
that sends an object B of Ate' to the set of continuous homomorphisms ps ■ G ^ GLn (_B) such that pB 
modulo TTiB is equal to pE'- The following proposition will be useful in determining the generic fibre of the 
local deformation ring in ijl.4l and the argument is due to Kisin |K11 Proposition 9.5]. 

Proposition 1.3.5. For any B in Ate and pg <E T^^^, , there is a unique O-algehra morphism — > B 
such that Pb is the pushforward of p™^^'^ via this morphism. 

Proof. Choose a surjection E'[[xi, . . . ,Xn]] B and let Aa denote the image of C[[xi, . . . , a;„]] under 
this surjection. Since the representation pE' takes values in GL„(C), the representation pB takes values in 
GL„(ylo+m_B)- Let n = AoCimB- Since B is Artinian, we can define for any m > 1, A,n = Ao + J2'jLi P~™-'n^ - 
For each m > 1, Am is a CNLq/ -algebra subring of B. Note that Aq + ms = Um,>oAm- Since G is compact, 
a standard Baire Category argument implies that pB takes values in Am for some m. Bv 11.3.31 there is a 
unique CNLo-morphism BP — !• Am such that G — )■ GL„(Am) is the pushforward of p""'^ via — Am- 

It remains to show uniqueness. Let (j), tp' : i?'^ — > B be two such O-algebra morphisms. Since the image 
of RP under either of these maps lies in Aq + ms = U„i>o^Tn and PP is compact, again by Baire Category 
its image via either </> or (j)' must lie in some Am for m sufficiently large. By the universal property of RP 
on Topq, we must have (/> = (/)'. □ 

1.4. Local deformation rings at p. Throughout this subsection, F„ wiU denote a finite extension of Qp, 
and Gv = Gal(Qp/i^„). We assume that E contains all embedding of into an algebraic closure of E. Our 
construction of the local deformation ring, as well as the analysis of its generic fibre follows [Gl[ §3]. 

For a given ring A, we call an A-submodule L C a line if both L and A^ /L are projective of rank one. 

1.4.1. We fix a continuous homomorphism 

p:G, ^GL2(F) 

and a continuous character -0 : Gy — > such that detp = ^tp. Let denote the representation space of 
p. We will assume throughout this subsection that there is some line Lf in that is stable by the action 
of Gv Let Lf be one such line and let x denote the character of Gv giving the action on Vr/Lr. Note that 
the choice of x is unique unless Vf is the direct sum of two distinct characters. In this case we simply make 
a choice of one of these characters. 

We let and V'^''^ denote the functor of lifts of p and the subfunctor consisting of lifts with determinant 
TpCp, repsectively. We denote the corresponding representing objects by i?^ and R^'"^ , respectively. 

Let G'^ denote the abelianization of Gi, and G^{p) the maximal pro-p quotient of the abelianization. 
Set K{Gv) = OWGfip)]]. Note that Gf{p) is isomorphic to pp. x Z^+\ where d=[Fv: Qp] and pps is the 
group of p-power roots of unity in F^. So A(Gi,) has p^ minimal primes, corresponding to the p^ distinct 
O- valued characters of pps (recall we have assumed E contains all embeddings of Fy into E), and its quotient 
by any of these minimal primes is isomorphic to a power series over O in d + 1 variables. 

Let X denote the Teichmiiller lift of x- If ^ is a CNLo-algebra and x : Gt, — > A^ is a continuous character, 
then writing x — XX' with x' factoring through the natural projection G^ G'!^{p), we see that A(Gt,) 
represents the set valued functor that assigns to each CNLo-algebra A the set of continuous characters 
{XA : Gv A^} that lift x- We let ^^"'"^ : Gv A{Gv) denote the universal A(Gt,)-valued character lifting 
X- 

We will need to consider quotients of A(Gi,) by its minimal primes in order to ensure that our local 
lifting ring is a domain. Recall pps is identified with the the p-power torsion subgroup of G'"^ . Fix a 
character 77 : pps — >• O^, and let denote the corresponding minimal prime of A(Gi,). We set A{Gv,ri) ~ 
A{Gv)/c[r), and let x5!"'^ denote the character obtained by composing x"'"^ with the natural surjection 
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A(G'u) — > A(Gu,7]). Then A{Gy,ri) represents the functor that assigns to each CNLo-algebra A the set of 
characters {xa ■ Gy — > } that hft x and whose restriction to the p-power torsion subgroup of Gy^ is equal 
to rj. 

Set R^'f^Q = -R^''''g)oA(G't,, 77), and consider Pj, ®c> -Ra(g If ^ is an O-algcbra, then an ^-point 

of this scheme is a triple {a,P,L) where a : R°''f' ^ A and /? : A{Gy,T]) A are O-algebra morphisms, 
and L is a line in A^. By pushing forward the universal R^'^ valued lift via a, we get a homomorphism 
Pa ■ Gy — >■ GL2{A), and by pushing forward x^"'^i g^t a character xa ■ Gv ^ A^ . We define a functor 
D£P4',v i^j^g category of O-algebras by letting VC^'^ {A) be the subset of such triples (a, /3, L) such that 
Pa leaves L invariant and Gy acts on A^/L via xa- 

Lemma 1.4.2. DC'^'^ is represented by a closed subscheme ^ o/Pq ®o R^'(^q 
Proof. For ease of notation, set R ~ R^'f^Q ^-j • Let (j) denote the tautological morphism 

and let C denote its kernel. Let U = Spec A be an open afhnc subset of P]^ such that Opi^{l){U) is free of 
rank one over A. Fix a generator e of Opi^ (!)([/). Let 

I{U) = {r £ A : there is some a e Gy and x & A^ with (f>(pA{cr)x — xa{o')x) = re}. 

Then I{U) is an ideal in A and does not depend on the choice of e. It is easy to see that I defines a sheaf 
of ideals of P)j, and that VCP'^' coincides with the functor of points of the closed subscheme of P]j. defined 
by I. ^ □ 

1.4.3. We now let R'^^q ^-j denote the quotient of -R^^^ by the kernel of the homomorphism 
i.e. R^i^Q .^j is the affine algebra of the scheme theoretic image of ^ in Spec R^I^q 

Proposition 1.4.4. Let E' /E be a finite extension with ring of integers O' . Let p : Gy —?' GL2(C) be a lift 
of J) with determinant tpep, and let x '■ Gy — > (C)^ be a character lifting x whose restriction to the p-power 
torsion subgroup of G^ is equal to rj. The point of R^I^q determined by the pair (p, x) factors through 
^A{G ri) '^^'^ on/y if there is a Gy-stable line in {O'Y such that Gy acts on the quotient via x- 

Proof. Let / denote the morphism ^ — > Speci?^^^ ^y The point determined by (p, x) satisfies the conclu- 
sion if and only if it is in the image of Since / is proper, so is f[l/p], and the topological image of 

jA,^ r 



is equal to scheme theoretic image of which is Speci?w'^ Jl/p]. □ 



In order to determine the structure of R^^q ^-j more precisely, we will relate it to J^f via the following 
lemma. 

Lemma 1.4.5. Let Z denote the closed subscheme of A(Gy,7]) defined by (x""'^)^ = ip^p' ^.''^d let V denote 
its complement. The map 

^ XSpGcA(G„,?)) y >■ Sp6Ci?A(Gt,,T,) XSpccA(G„,j)) ^ 

is an isomorphism. 

Proof. Since V is an open subscheme of Spec A(G't,, 77) and scheme theoretic image commutes with flat base 
change, 

^ XSpocA(G„,))) ^ > ^P^^^A(G^,ri) ^ Spec A(G„,j)) V 

has injective structural morphism, so to prove it is an isomorphism it suffices to show it is a closed immersion. 
To show this, it suffices to show that if A is a local ring and {pA, XA, La) G (-S? XspccA(G„.?;) ^)(^) is an A- 
point, the line La is unique and is defined over B, where B is the image of R^I^q in A under the morphism 
determined by {pa,Xa)- Indeed, this implies that the fibres are all singletons and that the corresponding 
maps on local rings are surjective. 
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Let {pA,XA, La) G XspccA(Gi,,t;) with A a local ring. Take a G Gy such that XA.i'^) ^^^p[^) 

mod nxA- Consider the matrix M = pA{<y) — '4'^pXa^{'^)- Since Gv acts on La via i^tpX'A see that 
det M = 0. But, by our assumption on cr, its reduction modulo the maximal ideal of A has rank 1, hence 
one of the entries of the matrix M is a unit. This implies that the line La is unique and its projective 
coordinates can be defined using the entries of M, which arc elements in the image of ^^^^ in A. □ 

1.4.6. Let B2 denote the Borel subgroup of upper triangular matrices in GL2. Fix a continuous homomor- 
phism : Gv — B2(F) with det g ~ tpep and such that 

f * * 

with X our fixed character. Define a functor X>^°'^'^ on CNLq by letting letting 'D^°'^'^{A) be the set of 
continuous morphisms qa ■ Gy — > B2(A) that reduce to 'g modulo mA, have determinant ipep., and such that, 
writing 

' Xi * 

X2 

X2 coincides with 77 on the p-power torsion subgroup of G^'^ . 

Before proceeding with our analysis of 1?^°''''', we record a lemma, which is [Mlj Exercise 16.10], that will 



QA 



be useful in the proof of II. 4. 81 below. 



Lemma 1.4.7. Let R be a local Noetherian ring and let ri, . . . ,rn € R, n > 1. Ifri, . . . ,rn generate a prime 
ideal of height n, then R is a domain, and for any I < i < r, ri, . . . ,ri generates a prime ideal of height i. 

Proof. Wc induct on n. Assume r G i? generates a prime ideal of height 1. Take a minimal prime q C rR. 
For any a; G q wc have x ~ ry for some y. Then 7' ^ q implies that y G q, and rq = q. Nakayama's lemma 
implies q = 0. 

For n > 1, the image of r,i in R/ (ri, . . . , r„_i) generates a prime ideal of height 1, cf. |M11 Theorem 13.6 
(iii)], so the n = I case implies that ri, . . . ,r„_i generates a prime ideal of height ri — 1, and the lemma 
follows by induction. □ 

Lemma 1.4.8. (1) J)^°^''^ is representable by a CNho-algebra R^°^'^ . 

(2) Assume that g has (possibly trivial) p-power order image, i??™'''' is a complete intersection of 
dimension 3 + 2[Fy : Qp]. 

(3) Assume that the image of g is either trivial or has order p, and that if p = 2, then either Fy contains 
a primitive i-th root of unity or [Fy : Q2] > 3. Both R^°'''^ and J^""'^ F are domains. 

Proof. The proof of representability in the general case is proved exactly as with R^ in 11.3.31 We leave the 
details to the reader and henceforth assume that g has (possibly trivial) p-power order image. 

For any a G Gy, we let [g(cr)] G GL2(C') denote the matrix whose entries are the Teichmiiller lifts of the 
entries of 'g{a). Let Gy{p) be the maximal pro-p quotient of Gy. Our assumption on the image of g implies 
that for any gA G 2?^°' ''''(A), gA factors through Gy{p). Let ^ep be the Teichmiiller lift of ■f/'Ep, and set 

= ('0ep)(-0ep)"^- 

If Fy does not contain a p-th root of unity, then Gy (p) is a free pro-p group of rank m = 1 + [Fy : Qp] , cf. 
jNSW| Theorem 7.5.8], and the p-part of the torsion subgroup of Gf^ (and hence rj) is trivial. Fix a set of 
generators 71, ... , 7^ on which Gy{p) is free, and define a lift 

: Gy -> B2(0[[ai, . . . , a,„, b,, . . . , 6,„]]) 

by 

</'(7i)(l + Oi) bi 



(1 + a,) 



Any lift gA G 'D^°'''^'{A) is a specialization of g""''^ via a unique CNLo-morphism ©[[ai, . . . , a™, 61, . . . , 6„ 



e 



A, and we have Rg°^ = ©[[ai, . . . , a™, 61, . . . , bm]]- It has dimension 3 + 2[Fy : Qp], and both it and its 
reduction modulo we are domains. This proves both (2) and (3) in this case. 
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We now assume that Fy contains a primitive p-th root of unity. Let /ips denote the group of p-power 
roots of unity in Fy. Then Gy{p)^^ can be presented as the free pro-p group on generators 71, ... , 7,„. with 
m ^ 2+[Fy : Qp] modulo a single relation k. The shape of k is divided into four subcases. 

(a) Ifp«>2, 

k = li (71, 72) (73, 74) • • • (7m-l,7m), 

where (7^,7^+1) = 7,"^7»>i7i7i+i- 

(b) If p** = 2 and [Fy : Q2] is odd, 

k = 7i72 (72, 73) • • • (7m-l, 7m). 

(1) If = 2, [Fy : Q2] is even, and the image of £2 : G„ is procyclic, 

k = 71+^^(71,72) •• • (7m_i,7™), 

for some / > 2. 

(2) If = 2, [Fy : (Q2] is even, and the image of £2 : G„ ^ is not procyclic, 

= 7?(7l, 72)7^(73,74) • • • (7m-l,7m), 

for some / > 2. 

Part (a) is due to Demuskin, cf. |NSW[ Theorem 7.5.9], part (b) to Serre [S2j Corollaire 4.4], and pats (c) 
and (d) to Labute [Ll Theorem 9] . We note that in [S2] , Serre uses a different convention for the commutator 
but either choice is vahd, cf. |NSW[ pg. 359]. 

We note that the image of 71 , . . . , 7,„ in (p) are generators and are subject to the single relation 
7^° = 1 in case (a), 717I = 1 in case (b), 7^+^ = 1 in case (c), and 7i7| = 1 in case (d). From this 
we see that the torsion subgroup of G^^(p) is generated by the image of 71 in cases (a) and (c), by 71 7I in 
case (b), and by 717!''^ ^ in case (d). Let F^ be the free group pro-p group on the set {71, . . . ,7™}. Set 
B = ©[[02, . . . , a,„, 61, ... , 6,„]] and define 

A : F"^ B2{B) 

as follows. In cases, (a) and (c) we set 
In case (b), we set 

n .(^\- \n(^ M f <^(7i)^rH7i7l)(l + a2)-' h \ 

9f4ii)~[9M][ r;(7i7l)(l4-a2)^ j- 

In case (d), we set 

</'(7i)'?-^(7i7f")(l + «3)-^'" bi \ 

vhiit')a + a^f J' 

And in all cases, let 

/ N r_/ M f 0(7i)(l + 0.i) bi \ 

for 2 < i < m. It is easy to check that in all cases we have 

gp'^ik) - 1 = 

with r a non-zero element in ms. For any qa S 1)^°'^'^ (A), qa is the pushforward of a unique CNLq- 
morphism B ^ A that contains r in its kernel. From this it follows that R^°'^''^' = B/rB and the universal 
lift is the pushforward of gp'-- via the natural surjection. This proves (2). 

We now prove (3). Let we be a uniformizer of E. Using |1.4.7[ to show that R^™''^ = B/{r) and R^°''''^®o 
F = B/{r,WE) are domains, it suffices to show that _B/(r, tu^, 02, . . . , am_2, ^1, ■ • • , &m-2) is a domain of 
dimension 3. Let tq denote the image of r in B/ {we, 02, • ■ • , am-2, 61, • • • , &m-2) ^ 3F[[ 
We are thus reduced to showing that tq is irreducible in F[[am-i, Om, bm-i, bm]]- 



QF^iii) ^ [gill)] 
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Let go denote the pushforward of gp'^ to F[[a„i-i, fo,„]]. Note that m > 3, and if p = 2, since 

we are assuming either Fy contains a primitive 4-th root of unity or [Fy : Q2] ^ 3, if we are in case (b) or 
(d) above we must have m > 5. Then, in aU cases, Tq is given by 

£'o(7m-l)"Vo(7m)~Vo(7m-l)£'o(7m) = 

Our assumption on the image of 'g imphes that at most one of g(7,„_i) and g(7m) is non-trivial and that 
if it is non-trivial, then it is unipotent. Our assumptions also imply is trivial mod zue- Define (3i, for 
i = m — 1, m, by 

A straightforward computation shows that 

n) = (l + a,„_i)-i(l + a,„)-i(An((l + am-i) - (1 + a,„_i)-^) - + a„,) - (l + a„)-i)), 
and it suffices to show that 

(1) ri = /3™((1 + ara-i) - (1 + flm-i)"^) - /3m-i((l + a„) - (1 + a^)-^) 

is irreducible. To do this we use the following easy but useful fact we leaned from (K] pg. 164]: if /sT is a 
field and / € ^[[a;i, . . . , a;„]] is reducible, then for any grading deg(a;i) = > 0, the lowest degree term of 
/ is reducible in K[xi, . . . , x„]. 

First consider the case that g(7,„_i) is nontrivial, and write 

g(7m-l) = 

with a e , so that /3,„_i = a(l -f Om-i)"^ + bm-i- Note then /?,„ = 6,„, since the image of p has order p. 
lip ^2, we use the grading deg(ai) = deg(6i) — 1, and ([T|) becomes 

2aa,„ + higher order terms 

and 2aam-i is irreducible in F[am-i, a™, bm-i, bm]- If P = 2, we use the grading deg(a,„_i) = deg(6„i_i) = 1 
and deg(am) = deg(6,„) = 2. Then ([T|) becomes 

—aa^ + b,na^_i + higher order terms 

and —aa^-^_i + bm-io^ is irreducible in ¥[a,n-i,am,bm-i,bm\- The case when g(7m) is nontrivial is sym- 
metric. 

Now assume 'g{-fm-i) = p(7m) ~ 1- We use the standard grading deg(ai) — deg(6i) = 1, and ([U becomes 

2am-ibm — 2ambm-i + higher order terms 

if p 7^ 2, and 

—a^_ib,n + a^b,n-i + higher order terms 
if p = 2. In either case the leading term is irreducible in F[a„i_i, a,„, bm-i, bm]- D 

Writing the universal lift : G„ B2(i?f °''''^) as 

^ [ xr ) ■ 

The character X2°'^ gives a CNLo-morphism A(Gi,, 77) R^°^'^. 
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1.4.9. Let a; be a closed point of . Then x is simply a choice of p-stable line in the representation 
space of p such that acts via % on jL^. 

Consider the set valued functor on CNLq that sends a CNLo-algebra A to the set of pairs (pA, ^a), 

where pA is a lift of p to GL2(A) with determinant ?/;ep, and is a G^-stable line in lifting such 
that the action of the p-part of the torsion subgroup of G^*^ on jL^ is given by r\. Let ^ denote the 
completion of the local ring of ^ at x. Note that the natural map 

SpecO^,, — >^ 

yields a lift p'^ : Gi, — > GL2 (C^ j.) of p, and a Gi,-stable line lifting ■ The following lemma is immediate. 

Lemma 1.4.10. 3. represents T) C^'^ with universal object {p{^,L^). 

For any ring A, we will denote by L^*^ the A-line in A^ fixed by the upper-triangular matrices. Let 
X = {'PjXjLx) be a closed point of Jif. Take g S GL2(C') such that gL^; = L^'^. Note that 'gpg~^ is upper 
triangular, and we have the functor 2?^^!_t on CNLq as in ll.4.6l which is represented by R^°'''^_i as in ll.4.81 

Lemma 1.4.11. There is an isomorphism ^ = i?^^L'^ [[2:]] of A{Gy,'i])-algebras. 



Proof. For ease of notation set R = R^H'^i and let g denote its universal lift. Define a lift Pr[[z]] : G^ — > i?[ 



of p by 



an let i_R[[2]] denote the pi^ii^jj-stable line 5 ^ ^ ^ j Note that (/3_r[[z]] , i_R[[2]]) determines a local 

A(Gt,,77)-algcbra morphism O^f ^ Given any CNLo-algebra A, and {pa,La) G there 

is a unique c G m^i such that 

' 1 

c 



T std 



We then have a unique local O-algebra morphism R[[z]] — A, which is also a morphism of A(Gu, 77)-algebras, 
such that {pr[[z]]t Lfj^^z]]) specializes to {pa,La)- This shows that ^ — > i?[[2;]] is an isomorphism of 
A(Gi,, 77)-algebras. □ 

Proposition 1.4.12. Assume that the image of p is either trivial or has order p. If p ~ 2, assume further 
that Fy contains a primitive Ath root of unity or [Fy : Q2] > 3. 

(1) R'^f^Q is an O-fiat domain of dimension 4 -f 2[Fy : Qp]. 

(2) Let Z denote the closed subscheme 0/ Spec A(Gi,, 77) defined by (x^'"^)^ = V'^p- o.^'d let V denote its 
complement. The scheme 

(SpecR^^^^^^.^ XspccA(G„,r,) V) ®o F 

is integral. 

Proof. Note that the special fibre of ^ over R^^q j^-, is isomorphic to Pj. if p is trivial, and is a point 
otherwise, so ^ is connected. By 11.4.111 and 11.4.81 the completed local ring of .jSf at any closed point is a 
domain of dimension 4 -t- 2[Fy : Qp], and its reduction modulo the maximal ideal of O is also a domain. We 
conclude that both and ®o F are integral. This implies that R'^I^q ^-j is a domain as well as part (2) 
of the proposition, bv 11.4.51 It is not hard to see that Spcci?^^'^' XspocA(G„.?)) ^ ^-nd XspccA(Gt,,'?) ^ 
are each of codimension 1, so dimi?^^^ = dim^ = 4 + 2[Fy : Qp]. 

1.4.13. Fix a finite extensin E' / E with ring of integers C, and a continuous homomorphism g : Gy — > 
B2{E') with det g = ipep. We do not assume that is a lift of p. Define a functor pBor.i/j Are' by letting 
letting be the set of continuous morphisms gA ■ Gy B2(A) that reduce to g modulo niA and 

have determinant ij^ep. 
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Lemma 1.4.14. The functor 2?^°''^''' is pro-represented by a complete, Noetherian, local E' -algebra R^°'^''^ . 

some character X, then R^°^'^ is formally smooth over E' of dimension 2+2[Fv : <Qp]. 

Proof. Wc prove rcprcsentability in the same way as ll.3.3l and ll.4.8l There is a finite index subgroup G' of Gv 
sueh that q{G') is pro-p. Let G'{p) be the maximal pro-p quotient of G' and let H be the kernel of the natural 
surjection G' — > G'{p). We have that H is normal in Gy, that Gy/H is topologically finitely generated, and 
that for any qa G 2?^°'''^, A in Ate', Qa faetors through Gy/H . Fix a set of topological generators 71, ... , 7^ 
for Gy/H . Let F be the free group on {71, . . . , 7^} and let denote its profinite completion. Let K denote 
the kernel of the natural surjection F'^ — > Gy/H . Define a continuous homomorphism 

by 

Pf47.) = e(7.) ( ^ + (l+t,)-! ) 

Now let J denote the ideal of i?'[[ai, . . . , am, &i, • • • , bm\\ generated by the entries of the of the matrices 
QF^{k) — 1, for k e K. Set R^"^'"^ = E'[[ai, . . . ,am,bi, . . . ,bm]]/ J- The pushforward of along the 
surjection i?'[[ai, . . . , am, bi, . . . , bm]] B^™'^ gives a continuous morphism Gy/H ^2{I^°^'^): and we 
let 

e"'"" : Gy B2(i?f ^'''') 

denote the composite of this morphism with the natural surjection Gy — > Gy/H. It is easy to see that R^°'^''^ 
pro-represents with universal object p""''^. 

Let E'[e] = Let b denote the subspace of upper triangular matrices in M2x2(£'') with en- 

action given by aX = g{a)X g{(j)^^ , and let b° denote its trace zero subspace. The tangent space of R^°'^''^ 
is given by V^°'''^{E'[e]). Given qe'Is] e V^"'^"^ {E'[e]), write gE'ie]i(^) as 

QE'[e]{<^) = (1 + <^c(cr))e(cr), 

for each a G Gy, with c(cr) G b. It is easily checked that gE'[e] is a homomorphism with detgE'[e] — "fp^p = 
det g if and only if c G Z^{Gy, b°), the space of 1-coeycles of Gy with coefficients in b°. This determines an 
isomorphism of i;'-vector spaces V^°' ''^'{E' [e]) ^ Z'^{Gy, b°). Now 

dimZi(G„,fa") = dimiJi(G„,b") -dimi7"(G.„,b") -f 2 

= 2[F„ :Qp]+2 + i/2(G,,b"), 

by Euler-Poincare characteristic. 
Now fix a minimal presentation 

0^ J ^ R^°'^^ 0, 

with A a powerseries over E' in dimZ^(Gi,, b°) variables. As in |M21 §1.6], we will show that 

dim J/xriA J <dimH^{Gy,b°). 
Let An ~ A/niA, Rn ~ R^""''^ /^^l,Bor.i, , and J„ — ker(74„ — > i?„). Then for n sufficiently large the natural 
map J/vaAJ Jn/^^A^Jn is an isomorphism of E' vector spaces, and it suffices to show 

dim J„/mA„ Jn < dim iJ^(Gn, b°). 
Choose a continuous set theoretic lifting 

^:G,„ ^B2(A„) 

sueh that det g{a) = t/jep{a) for all a G Gy, and such that its pushforward to _R„ is gi""'^ mod m"Borv To 

see that this is possible, note that we can take a continuous i?'- vector space section s : Rn An of the 
quotient An — >■ Rn- This determines a continuous set-theoretic section B2(i?n) B2(A„), and we let g' 
be the composite of the map Gy — > B2(i?n) with this section. Since the map a 'ipep{a) det g' {a)~^ is 
continuous on Gy, so is the function g : Gy — > B2(v4.„) defined by 

.^^.^^.,^^^^^ep{a)detg'ia)-^ ^ 
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which is the desired set theoretic lifting. Define the continuous function 

by c{ai,<T2) = g{(Ji<72)~^ 0{o'2)~^ q{o'i)~^ ■ It can be checked that c is a 2-cocyle of Gy with values in 
b° <8e' Jn/vn.A„Jn, and that is image [c] in H'^{Gv, b° iKi^' Jn/naA„>/ri) = H^{Gv, b^) <X)£;' Jn/^A^Jn does not 
depend on the choice of g. We get a natural map 

by A i-> (1 (X) A)([c]). We will show that this map is injective. Take non-zero A G (Jn/iTiA„^n)* such that 
(1 <E} A)([c]) — 0. Let A'^ denote the quotient of An by the kernel of A. We have an exact sequence 

(2) ^ ^ i?„ — > 

and the obstruction class [c] vanishes for this extension. This implies that there is a continuous homomor- 
phism 

QA'^ ■■ G, ^BaK) 

with determinant V'Cp, and whose pushforward to i?„ is modulo m"Bor,v-- Then there is a local E'- 

rig 

algebra morphism E^°'''^ —> A'^ inducing qa'^- Since m^, = 0, this map factors through i?„ and induces a 
section of ([2]). But this contradicts the fact that A'^ — >■ i?„ induces an isomorphism on tangent spaces. 
We deduce that there is a presentation 

where g = 2 + 2[F.^ : Qp] + dim H'^{G„, b") and r < H'^iG^, b"). In particular, we conclude that dimi?^"^'^ > 
2 + 2[Fy : Qp]. Let u be subspace of Ad" consisting of upper triangular unipotent matrices. Note that u is 
G^-stable and the trace pairing on Ad*^ induces a Gt,-equi variant isomorphism (b°)* = Ad°/u. Local Tate 
duality gives an isomorphism H^{Gy, b°) = H^{Gi,, (Ad'^/u)(l)). It is easily checked that this latter space is 
non-zero if and only if 

X 

for some character %, in which case it has dimension 1. □ 

I. 4.15. Let be as in ll.4.21 Take a closed point x E ^[1/p] with residue field E'. Note that since ^ is 
finite type over part (2) of 1 1.1. 21 implies that E' / E is finite. Let px and Xx denote the pushforward 
of p""''^ and x""'^j repsectively, to E' , and let Lx denote the fixed Gi,-stable line in (i?')^ such that Gy acts 
on {E'f/Lx via Xx- 

Consider the set valued functor VC^'^ on Ate' that sends an Ar^/ -algebra A to the set of pairs {pA, La), 
where pA is a lift of px to GL2(A) with determinant tp^p, and La is a G^-stable line in A^ lifting Lx- Let 
a: denote the completion of the local ring of .if at x. The natural map 

SpecO^^ — ^ 

yields a hft p{^ : Gy GL2{0^ ^) of px, and a Gt,-stable line L^ lifting Lx- 
Lemma 1.4.16. ^ pro-represents DC^'^ with universal object {p{^,L^). 

Proof. Let B be an Ar^j'-algebra and let {pb,Lb) G VC^'^' (B). Denote by xb the character giving the 
G„-action on B^/Lb- Bv ll.3.5l there are unique continuous O-algebra morphisms — > B and A(G„) — > B 
such that pb is the pushforward of p""''^, and xb is the pushforward of x"'^'^. Since the pB has determinant 
ipep, and the restriction of xb to the torsion subgroup of Gy^ is equal to rj, we get a unique continuous 
O-algebra morphism R^I^q — > B which gives rise to ps and xb- Since the line £b is stable under pB, 
obtain a unique morphism y : Spec B ^ ^ such that the image of the closed point of Spec B is x. As B is 
Artinian, y factors through Spec ^ □ 

Let X = {px,Xx, Lx) be a closed point of ^[1/p], and denote by E' its residue field. Take g G GL2{E') 
such that gLx = L^^9. Note that gpxg~^ is upper triangular, and we hcLve the functor ' i on Kte' as in 

II. 4.13[ which is represented by R^^'^L^ as in 11.4.14] 
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Lemma 1.4.17. There is an isomorphism O^f ^ ~ 



9 Pi 9 



Proof. For ease of notation set R = R^°'^'^_i and let g denote its universal lift. Define a lift Pi?[[2]] : Gv 



R[[z]] of by 

pRllz]]{<^) = -9^' ( 2 1 ) ^'(^) ( 1 ) -9' 



1 



and we let i_R[[z]] denote the p^jj^jj-stable line 5 ^ ^ ^ j ^i?'^- Note that (pi?[[z]], -^_r[[z]]) determines a 

local £"-algebra morphism ^ — > Given any Ar^'-algebra A and (pa,La) G VC^'^ (A), there is a 

unique c e xxia such that 



We then have a unique local £"-algebra morphism — >■ ^, such that the specialization of {pr[[z]]^ i'fl[[z]]) 
is (pa, iyi)- This shows that ^. R[[z\\ is an isomorphism. □ 



Proposition 1.4.18. Let x = {px,Xx) be a closed point of Spec Rj^^q If xi 7^ VsV'^pj then the local 

ring of R^^^ at x is formally smooth over E. 



Proof. Let E' denote the residue field of x. Since -yQ ^ ibe^. 11.4.51 implies there is a unique E' point of 
which we denote again by x, and an isomorphism {R^^q ^^^^ — ^ ^. The result then follows from ll.4.141 
and ll.4.171 ^ 

1.5. Local deformation rings away from p. In this subsection. F„ is either be a finite extension of 
with £ p, or Fy = M. We fix a continuous homomorphism 

p:Gy^ GL2(F) 

and a continuous character -0 : G„ — > such that dot p = tpep. We let Vf denote the representation space of 
p. We let I?^ and I?^'''' denote the functor of lifts of p and the subfunctor consisting of lifts with determinant 
i/'Cp, repsectively. We denote the corresponding representing objects by R^ and R^'^, respectively. 

1.5.1. Assume that Fy is a finite extension of Qe with i ^ p. Let q denote the cardinality of the residue 
field of Fy. Let p""'^ denote the universal lift to 

Proposition 1.5.2. Let I^'^ denote the quotient of R^''^' by its p-torsion. 

(1) Ry ''^ is O-fiat and equidimensional of relative dimension 3. 

(2) The set of unramified lifts of 'Py form an irreducible component of Spec Ry '^ , which is formally 
smooth over O. We denote the quotient by the corresponding minimal prime by R^'"^'™ . 

(3) If E' / E is finite and x : Ry'^ ^ E is a continuous O-algebra moprhism such that ker(2:) is contained 
in more than one irreducible component, then letting px denote the corresponding lift, px = ^ySpQ^y 
for some character 7„ of Gy . 

Proof. By definition Ry is p-torsion free, hence is O-flat. The dimension of Ry '^[1/p] is shown to be 3 in 



[K3l Proposition 2.5.4]. It is shown in [Kl Proposition 2.5.3] that there is a quotient R^''^-''', such 

that a lift factors through R^''^''^' if and only if it is unramified, and that R^'*^'™ is formally smooth over 

O of relative dimension 3. The quotient R^'^ — )■ R^'"^'^"^ necessarily factors through R^ . Part (3) follows 
from the proof of |K3| Proposition 2.5.4]. More specifically, in the proof of |K3| Proposition 2.5.4], it is 
shown that the completed local ring at x is smooth unless H^{Gy,Ad^{px)) ^ 0, where Ad°(pa:) denotes the 
trace zero subspace of the adjoint representation of p^, and it is easily checked that if iJ^(Gi,, Ad" (p^^)) ^ 0, 
then Px = 7i,ep ffi "fv for some character jy of Gy. □ 

We now turn our attention to scmistable lifts. We will need the following lemma, which is a variant of a 
result of Snowden [Sj. 
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Lemma 1.5.3. Assume p is the trivial representation and that q — 1 (modp). Let J be the ideal in 
generated by the equations 

trp-"^(a) = ep(a) + 1, dctp"'"^(a) = 6p(a), 
for all a € Gv , as well as the entries of the matrix equations 

- l)(p-"-(r) - 1) = (e,(a) - l)(pr^(r) - 1) 
for all (T,T eGy. Then / J^) (^o F is a domain of dimension 3. 

Proof Set R = (i?°/J) ®o IF, and let p/j be the pushforward of p"'"^ to R. Since we have assumed q = 1 
(mod p), modulo we the equations defining J become 

ti' pji{a) — 2 and dct pji{(j) — 1 

for all a G Gy, and 

(Pfl(a)-l)(pfl(r)-l)=0 

for all cr, T € Gu. From this, it follows that R represents the functor on CNLy that sends a CNLp-algebra A 
to the set of families of matrices {1 + Xcr G 1 + mAM2x2(^) ■ <J G G^}, such that 

tr(l+X^)=2, det(l + X^) = l, X^Xr^O 

for all (T, r G Gy . For any such family, the elements 1 + Xa- commute and have order p (or 0) , hence the 
map Gy n- 1 + Xa- factors through the maximal abelian quotient of exponent p, which is a product of two 
cyclic groups of order p. From this, we see that R represents the functor on CNLp that assigns to each 
CNLr-algcbra A, a pair of matrices X,Y G mAM2x2(^) such that 

tr(l + X) =tr(l + y) = 2, dct(l + X) = dct(l + r) = 1, X^ = = XY = YX = 0. 

Define a functor F on the category of F-algebas that assigns to an F-algcbra A the set of pairs {X, Y) E 
M2x2(^) satisfying 

tr X = tr y 0, dct X = det F = 0, X^ ^ Y^ = XY ^ YX = 
It is easy to see that F is represented by Rp = F[ai, 6i, ci, 02, 62, C2]//, where 
(3) / = (a^ - bici,al - b2C2,aia2 + biC2, 0,102 + &2Ci,ai62 - 0261,0201 - aiC2), 

with universal pair ) ' ) ) ' ^et x denote the F-point of Spec i?F corresponding to 

the pair (0, 0). There is an isomorphism of functors on CNLp 

Spfi? ^ Spf(i?i.)^^ 

given by {1 + X,l + Y) !-> {X, Y), and so we wish to show that {Rf)x is a domain of dimension 3. Note that 

(i?F)^ ^F[[ai, 61, 01,02,62, C2]]//, 

with / as in ([3|). For any Noetherian local ring A, if its associated graded ring gr{A) is a domain, then so is 
A. Noting that 

gr{{RF)^) = F[ai, 61, ci, 02, 62, C2]// = Rf, 

since / is homogenous, we are reduced to showing Rp is a domain of dimension 3. 
Note that / is the homogenization in F[ai, 61, ci, 02, 62, C2] of the ideal 

/' = (!- 61C1, 03 - 62C2,a2 + 6iC2,a2 + 62C1, 62 - 0261, a2Ci - C2), 

in F[6i, ci, 02, 62, C2]. By [ZS[ Chapter 7, §5, Theorem 17], to show that / it prime it suffices to show that /' 
is prime. The map defined by 62 i— >■ 0261 and C2 a2Ci gives an isomorphism 

F[6i, ci, 02, 62, C2]/I' = F[6i, ci, a2]/(l - 6iCi), 

which is a domain of dimension 2. Hence, Rp is a domain and has dimension 1 + dimF[6i, ci, 02, 62, C2]//' = 
3. □ 
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Proposition 1.5.4. Let j : be a finitely ramified, continuous character such that j'^ = ip 

(enlarging O if necessary), and such that "f{Iv) is prime to p. Assume p„ is an extension ofj by 7?^. 

There is an O-flat reduced quotient R^'^''^^ of R^'^ of relative dimension 3, such that if E'/E is a finite 
extenstion, a continuous O-algebra morphism x : R^'^ — > E' factors through i?^''''""' if and only if the 
corresponding lift is an extension of ^ by ^ep. is formally smooth over E, and R^''>-'^(g)o¥ 

is a domain. 



Proof. Except for the claim about the reduction mod p, this is proved in jK21 Corollary 2.6.7] for p > 2 and 
7 unramified, and in jKWl Theorem 3.1] in the remaining cases. 

If there is a unique line in Vv on which acs via je^, then the proof of |KW[ Theorem 3.1] shows that 
R^''^~^^ is formally smooth over O, and so we we may assume that is trivial, i.e. q = 1 (mod p), and 
that Gv acts on Vw via the character 7. Twisting lifts by 7"^ yields an isomorphism of lifting functors 
= 2?9^__i; hence, an isomorphism of their universal lifting rings. Part (3) of 11.1.21 shows that this 

isomorphism of universal lifting rings yields an isomorphism R^''*'^*' = i?^'^"''', and so we may assume 7 = 1 
and p is the trivial homomorphism. 

Let J be as in 11.5.31 Let X denote the set of points x : R^ O' , where O' is the ring of integers in 
some finite extension E'/E, such that the induced lift px is conjugate to an extension of Cp by 1. Set Jx = 
riaig^ ker(a;). By part (3) of 11.1. 2[ the surjection R}^ — )• i?^"'*'"''' has kernel Jx- Since the equations defining 
J hold for any x & X, this surjection factors through R^/J. Let q denote the kernel of R^/J i?,^'^"^'. 
Note that q is prime and vde ^ q- Since R^'^'^*" is O-flat of relative dimension 3, and {R^ / J) ®ci F is a 
domain of dimension 3 bv ll.5.3l the surjection 

is an isomorphism. Then [TTOl implies i?,^'^"^* 1^0 F a domain. □ 

1.5.5. Now assume that Fy =R and assume p is odd, i.e. det p(c) = —1 for c complex conjugation. 

Proposition 1.5.6. There is an O-flat reduced quotient R^'^^ of R^ , such that if E'/E is finite, a con- 
tinuous O -morphism x : R^ — > E' factors through R^'~'^ if and only if px is odd. R^'^^ is a complete 
intersubsection domain of dimension 3, R^'^^[l/p] is formally smooth over E, and R^'^^ i^qW is a domain. 

Proof. jKW[ Proposition 3.3] or |K31 Proposition 2.5.6] shows that R^'^^ is smooth over O if p is non-trivial, 
and that if p is trivial then 

R^-'^0[[x,y,z]]/ix^ + 2y + yz), 

which is a complete intersubsection domain of dimension 3. Lastly, x^ -\- yz is irreducible in F[[a;, y, z]], so 
R^'^^ ®o F is a domain. □ 

1.6. Global deformations. Let be a totally real field and let S denote a finite set of places of F containing 
all the infinite places as well as all the places above p. Denote by Fs the maximal Galois extension of F in Q, 
unramified outside of 5*, and let Gf,s = Gal{Fs / F). Fix an absolutely irreducible, continuous representation 

p : Gf,s ^GL2(F), 

and a continuous character ip : Gp.s — > O^ such that tpep = det p. For each v E S, let Fy denote the 
completion of F at v, and let Gy — Ga\{Qi/ Fy) where £ the residual characteristic of v, or 00. Let Q be 
some (possibly empty) set of places of F disjoint from S. 

Throughout this subsection, all completed tensor products are taken over O unless noted otherwise. 

Let Rf,suq, respectively R^-suQ^ denote the universal deformation ring, respectively universal defor- 
mation ring with determinant ^pCp, of the Gj-^suQ-representation p. For each v e S, let R^'^ denote the 
universal framed deformation ring for lifts of p\g^ with determinant tpeplc,,- Consider the set valued functor 
on CNLo that sends an object A to {Va, {/3y}y(zs), where Va is a Gi?^suQ-deformation of p to A, such that 
the determinant of Va|g„ is equal to -06^1 for all v €z S, and is a lift of /3 for each v € S. This functor 
is representable and we denote the representing object by R^ suQ- "^^^ subfunctor consisting of the tuples 
{Va, {/?«}-ues) such that det Va = V'^p is also representable and we denote the representing object by R^'gtjQ- 
The forgetful functor (Va, {/3-u}i;gs) ^ Va gives a canonical maps Rf,suq ~^ -^'f.suq ^^'^ suq ~^ SuQ' 
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and in the latter case it is formally smooth of relative dimension 415*1 — 1, cf. jKW[ Proposition 4.1]. Note 
that g^jQ is a quotient of Rf,s and there is a canonical isomorphism Rp'gijQ = R% suQ ®Rf suq ^fsuq- 
The identity map R^^suQ ~^ ^f,suQ gives a universal object (F""''^, {/3™'^}„gs). For each v € S, 
(X^""''^|g„ , determines a lift of p|g„ with determinant i^eplc^ , so we have a canonical morphism R^'^ — > 

i?^ suQ- Letting Rg''^ denote the completed tensor product (E)vesR^''^ , suQ canonically a Rg'^ algebra. 
This also give an _R^''''-algebra structure to R^'suq- 

1.6.1. Let Ad denote the space M2x2(F) with the adjoint G_F,5-action, and let Ad° denote its trace zero 
subspacc. In what follows we will use the following notation. Given a topological group G such that 
Homcts(G,F) is finite, and a a finite F[G']-modulc M, we denote by M* the F-lincar dual of M with the 
induced G-action. For any i > 0, we denote by h'^lGp^s^M) the F-dimension of the cohomology group 
H^{G, M). E G — Gp.S: and W is a finite set of places of F, we let -^^(Gf.s, M) denote the kernel of the 
restriction map 

H\Gf.s,M) II i/'(G„,A/) 

and let /i^(Gf.S:^^) denote its F-dimension. 
Lemma 1.6.2. There is a presentation 

with 

ff-r> |5|-l-/i°(GF,5,(Ad°)*(l)). 

Proof. Let 

(/> : m □,^/((m — > m n.vVllm □,v,)^^7£;) 

denote the map on reduced cotangent spaces induced from R^'^' R3's- |K4[ Proposition 4.1.4], we 
have a presentation 

J?°'| = R^'^^iixi, - ■ ■ ,Xg]]/{fi,. . . Jr) 

where g — r > dim^ cokcrc/) — dinip ker0 — h^g{GF,s, Ad"). One can show, cf. proof of |K41 Lemma 4.1.5], 
dimFm„n,,,/((m„n,,,)2,^£;) = 4\S\ + h^Gp^s, M") - /i°(Gf,s, Ad") - 1 



and 



So, 



dimwm^n.^ /{{m^n.^)^ , we) ^ MS\ +J2ih\G,, Ad") - /i"(G„,Ad°) - 1) 



dimycokerc/) — dimykcr^ = dimFm„n,v, /((m„n,^) ,vje) — dimFiTi„n,v, /((m„n,^) ,mE) 

"f.s "f,s "s 

= |5| -l + /ii(GF,s,Ad°)-/i"(GF,s,Ad") 

(4) -^(/ii(G,,Ad'')-/i°(G,,Ad°)). 

The Poitou-Tate sequence implies 

hUGF,s, Ad") = h^{GF.,s, Ad") - ^ h\G,, Ad") + h"{GF,s, (Ad°)*(l)). 

ves 

Combining this with Q, we have 

g ^ r > dimp cokercj) — dimp ker0 — h\{GF,s, Ad") 

(5) > |5| - 1 - h\GF^s, (Ad")*(l)) - x(Gf,s, Ad") + ^ x(G., Ad"), 

where x(Gf,s, Ad") and x(Gi,, Ad") denote the global and local Euler characteristics, respectively, as F-vector 
spaces. 

For w|oo we have ft.^(G„, Ad") = /i^(G„, Ad") since G„ is cyclic, and so x(G«, Ad") = /i"(G„, Ad"). For v 
finite the local Euler characteristic formula gives x(G^, Ad") = 1, when v\p, and x(Gt,, Ad") = — 3[i^„ : Q], 
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when v\p. The global Euler characteristic formula gives x(Gf,s, Ad") = -3[F : Q] + I]„|oo ^"(Ct,, Ad"). 
Equation ^ then becomes 

5-r> |5|-l-/i"(GF,s,(Ad")*(l)). 

□ 

We will use the above lemma to show that a certain quotient of i?^ g (actually a quotient of Rf,s tcnsored 
with an certain Iwasawa algebra) has an appropriate presentation in order to apply the connectivity result 

imi 

1.6.3. Let S be a fixed set of places not containing any places above p or oo. For each u G E fix a continuous 
character 7^ : — )- such that jvilv) is finite and prime to p, and such that 7^ = iP\g^ (enlarging O if 
necessary). We further assume the following. 

- For ujp, p|g„ = ^ * ^ ^, where we fix the choice x„ in the case that p|g„ is the direct sum of 
two disctinct characters. 



For v G S, p|g„ 

- For any archimedean u, V'lc = 1- 

- p is unramified outside E U U {f|oo}. 

Fix a finite set of places Sm- disjoint from S U {v\p} U {w|oo} and set S = Sur U S U {v\p} U {u|oo}. For each 
v\p, let rjy be a character of the torsion subgroup of G^^{p). Then 77^ correpsonds to a unique minimal prime 
of A(G-u) = C'[[G^'^(p)]], which we denote by q,,„. We denote the quotient A(Gt,)/q,,„ by A{Gv,r]i,)- Note 
that giving the tuple {riv)v\p is equivalent to giving a character 1] on the torsion subgroup of Y[v\p^v^ip)- 

For each w e S". let fi^'^ denote the CNLo-algebra given by 

- R^'''' = R^lG^,r,^) in[lAl for v\p] 

- = as in lLOl for w G S, 

- R^'^ = R^'~^ as in ll.5.6[ for w|oo, 

- i?^''^ = as in part (2) of [1121 if v € 5ur. 

Let F^'^ = i^y^sl^'^ , A(Gp) = 'S^v\pA{Gv), and A{Gp,r]) = (X)„|pA(Gi,, jyt,). Note that R^'^ is a quotient of 

{<»v\p{R?<^HGy,i]y)))<^.,esMpRv'''' - (®t-esi?°)®A(Gp,77), 
and that A(Gp, rj) represents the functor on CNLq that sends a CNLo-algebra A to the set of tuples {xv)v\pi 
where each Xv is an A-valued character of Gy that reduces to modulo the maximal ideal of A, and whose 
restriction to the p-power part of the torsion subgroup of G^*^ is eqaul to ry^, . 

Lemma 1.6.4. If p = 2, assume that for each v\2, either Fy contains a A-th root of unity or [Fy : Q2] 1^ 3. 
Assume also that p|g„ is either the trivial representation or that its image has order p for each v\p. Then 
Rg'^ is an O-flat domain of dimension 1 + 3\S\ + [F : Q]. 

Proof. Bv II. 4. 121 11.5.41 [1.5.61 and part (2) of ll.5.21 each of the R^'"^' an O-flat domain of relative dimension 

- 3 + 2[K, :Qp] if 

- 3 if u G E, 

- 2 if v\oo, 

- 3 if U G 5'ur, 

and so R^'^ is O-flat of relative dimension 

J23 + 2[Fy:Qp]+ J2 3 + ^2 = 3|^| + [F:Qp]. 

v\p vGT^USui v\oo 

To see that it is a domain, consider a finite extension E' /E with ring of integers O' and residue field F'. It 
follows from 11.331 that i?^;' ®o C is the universal lifting ring on CNLo/ for the representation pjc^ ®¥ IF', 
and it follows easily that R^ ®o O' are the corresponding quotients on the category CNLc. Applying 
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11.4.121 [T.5.4[ and 11.5.61 to i?^'''' ®o C'l we conclude that i?^''''[l/p] is geometrically integral. Then li^''^ is 
a domain by 11.1.41 □ 

1.6.5. Now fix a finite set of primes Q disjoint from S. Letting = i^^esR^, define 



and 



1?° - R° ^ T?^''^ 



^F,SUQ — ^F.SUq'^R^^S ■ 



Note that i?F,suQ ^^'^ -^f.'suq quotients of i?^ 5^jQ(8)A(Gp, 77). We then define i?F,suQ to be the image 



of Rp g^Q®K{Gp,vi) under 

If E' /E is finite with ring of integers C, a local O-algcbra morphism i?F,suQ®A(Gp) — s- O' factors through 
Rl 

suQ if ^i^*^ o^ly if i-h"^ corresponding deformation Vq' and tuple of characters {xv)v\p satisfies 

- det Vo- = Vcp; 

- for each v\p, there is a G„-stablc line L in Vq', and the action of on Vq'/L is given by Xv', 

- for each the restriction of to the p-power torsion subgroup of G^^ is equal to rjy; 

- for each t; € S, Vo'Ig,, is an extension of 7„ by jv^p] 

- for each archimedean v, Vo'\g^ is not the trivial representation, 

- for each v G Sur, Vo'\g^ is unramified. 

Note the second last condition is redundant, as it is implied by the first. However, we will later have to 

consider the Rg' -map Rp — > RpsuQ^ ^^'^ ^i^*^ oddness condition is not forced on Rp suQ- Also note 

that if we had omitted the primes Sur from S entirely, the resulting ring Rp g^JQ would have been the same. 

We include them because it will be useful later in 21^0 ensure that the local framed deformation ring fI^'^ 
surjects onto a certain Hecke algebra, as well as to ensure that a certain group action is free. 

If A is a CNLo-algebra, and x,x' G Sp^{R^'g^JQ'^A{Gp,r])){A) are two A-points with the same image 

in Spf{Rp g^JQ<SlA{Gp,r|))(A), i.e. give rise to the same deformation, then x e Spfi?^ 'Jijq(^) if and only if 

x' e SpHlp^ 

suq(^)- It follows that Rp^suQ ^ Rf'suq is formally smooth of relative dimension 4|5| — 1. 
The following proposition will allow us to invoke 11.1.71 which is crucial to the Sinner- Wiles strategy. 

Proposition 1.6.6. Assume thafpla^ is either the trivial representation or that its image has order p for 
each v\p. If p = 2, we also assume that for each v\2, either Fy contains a Ath root of unity or [Fy : Q2] > 3. 
There is a presentation 

R^F.S == ^/(/li ■ • ■ >/m) 

with A a domain, and dim A - m > 1 + [F : Q] - h^^Gp.s, (Ad")*(l)). 

Proof. Since Rp 5 — > Rpg is formally smooth of relative dimension 415*1 — 1, Rp's is isomorphic to a power 
series over Rp g in 4|5| — 1 variables, and it suffices to show that there is a presentation 

with A a domain and dim A - fc > 415*1 + [F : Q] - h^iGF,s, (Ad°)*(l)). Bv ITOl R^'"^ is a domain of 
dimension 1-1-315*1 -I- [F : Q]. The presentation in ll.6.2l vields a presentation 

^F,S " R^''''[[xi,---,Xg]]/{fl,...Jr) 

withg-r > |5|-l-/i"(GF,s,(Ad°)*(l)). Take A = 7^''''[[xi, . . . ,Xg]]. □ 
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1.6.7. Let Q he a set of places of F disjoint from S. Let Fq denote the maximal abelian pro-p extension 
of F unramified outside of Q and split at primes in S. Note that Fq/F is finite, since S contains all the 
primes above p. Let Gq = Ga,l{FQ / F) and let Gq denote the diagonalizable CNLo-group as in 11.2.21 For 
any CNLo-algebra A, Gq{A) is the subgroup Hom(G'Q,^^) that reduce to the trivial morphism modulo 

There is an action of Gq on SpfR^ g^JQ given as follows. Let A be a CNLo-algebra, and let Va be a 
deformation of to ^. If x G Gq {A) , viewing x as a character of G f,suq , we have a deformation Va(^X- In 
this way we get an action of Gq on SpfRp^suQ- This action extends to an action on Spf (i?^ gyQ(l'A(Gp, 77)) 
by {Va,{Pv}vgs,{Xv}v\p) >-> {Va <^ X,{Mvgs,{Xv}v\p)- For any v e S, since F^ is split at v, the lift 
of p|g„ given by Va|g„ and 13^ is equal to the lift given by {Va x)Ig„ and 13^. Thus, the action of Gq 

commutes with the morphism Spf{R^ g^jQ®A{Gp,ri)) — > Spf (i?g''^(8)A(Gp, 77)). Letting R^''^ and I^^suQ 

be as in 11.6.31 we get an action of Gq on SpfRpg^jQ that commutes with SpfRpg^jQ — > Spfi?^''''. Note 

that the map (Va, {I3v}ves, {Xv}v\p) ^ dctVA{ip^p)~^ determines a morphism Sq : Spfi?^^yQ — > Gq, such 

that for any CNLo-algebra A, g €z Gq{A) and a; € Spfi?^ suq(^)' we have dQ{gx) = g^dQ{x). The natural 

surjcction Rp gyg — > Rp'suQ identifies SpfRp'g^jQ with the closed formal sub-scheme of Spfi?^ gyg given 
by 6q = 1. 

If p = 2. wc denote by Gq 2 the 2-torsion subgroup of Gg, i.e. the diagonalizable CNLo-group {Gq/2Gq)* . 

For X € Gq 2(^): we have = Ij hence the action of Gq on Spfi^^ ^yg, respectively on SpfR^ g^jQ, induces 

an action of Gq 2 on Spfi?^'^,jQ, respectively on SpfRp g^jQ. 

If p = 2 and p has solvable image, then there is a unique quadratic extension L/F such that 'P\gl is 
abelian, since in this case the image of p has order twice an odd number. 

Lemma 1.6.8. Let p = 2. Assume that if 'p has solvable image, then some v S does not split in L/F, 
where L is the unique quadratic extension for which 'P\gl abelian. Then if Q is a set of places disjoint 
from S, the action of Gq on SpfRp g^jQ is free. 

Proof. This is essentially |KW[ Lemma 5.1]. It suffices to show that the action of Gq on SpiRp^suQ is free. 
If p is non-solvable, then its projective image is isomorphic to SL2(F2'-), for some r > I. If p is solvable, then 
by our assumption on S and the fact that 'P{Gl) has odd order, we see that the fixed field of the kernel of 
p and Fq are disjoint. In either case, if x is a non-trivial element of Gq{A), we can find g G Gp^suQ such 
that x{9) 7^ 1 and trp(g) ^ 0. Then, if Va is a deformation of p to A, wc have x(g)tr py!i(5) ^ tr pA{g), for 
any pA in the deformation class of Va, since tr pA{g) is a unit. □ 

1.7. Deformations of dihedral representations. Fix continuous and absolutely irreducible 

P:Gf,5^GL2(F) 

and let Vr denote its representation space. Let A be a CNLo-algebra and Va a deformation of V^. We say 
Va is i-dihedral, for a quadratic extension L/F, if Gl acts on Va through an abelian quotient, but Gp 
does not. We say Va is dihedral if it is L-dihedral for some quadratic L/F. Note that Va is i-dihedral 
only if Vr is L-dihedral. If A is a domain with field of fractions K, then if Va is L-dihedral and Va <E)a K 
is irreducible, for K an algebraic closure of K, then one can show there is a character x ■ Gl ^ A^ such 
that Va — Ind^^x- A subgroup H of GL2(F) is called dihedral if it's image in PGL2(F) is isomorphic to a 
dihedral group. It is easy to check that Vr is dihedral if and only if p(Gf) is dihedral. From this we see that 
if p = 2, there is a unique quadratic L/F such that Vr is L-dihedral, as the order of p(G_f) is twice an odd 
number. 

1.7.1. Wc first establish some criteria for determining when the intersection of the image of a deformation 
with SL2 is Zariski dense. 

Lemma 1.7.2. Let A be a CNLiq- algebra domain of characteristic p with fraction field K , and let K be an 
algebraic closure of K. Let Va be a deformation ofVr to A such that the map imp^ — ^ imp has non-trivial 
kernel. The image of pA contains an element with an infinite order eigenvalue in K . 



26 



PATRICK B. ALLEN 



Proof. Let F be the algebraic closure of F in K. If an element in the image of pA has finite order eigenvalues 
in , then it's charracteristic polynomial has coefficients in F n A = F, so it suffices to show there is some 
g G imp^ with tig ^ F. Take nontrivial gi g ker(imp^ — > imp). If gi has finite order eigenvalues then it's 
eigenvalues bust be 1, and 171 is unipotent. There is a basis of Va such that 

I X 
1 



9i 



with 7^ 1' G mA- Since Vw is irreducible, there is 92 G imp such that, with respect to our fixed basis, 

fab 

3'=[c d 

with c E . If tr g2 4- ^ ^-rc done; otherwise, tr g\gi = cx + tr g2 ^ F. □ 

Lemma 1.7.3. Let A he a CNLQ-algebra domain and let Va be a non-dihedral deformation of such 
that for some a € Gp, Pa(o') has eigenvalues whose ratio is not a root of unity. Then for any finite index 
subgroup H of Gp, Pa\h 'is absolutely irreducible. 

Proof. It suffices to consider the case when H is an open normal subgroup of Gi? . Let K denote the fraction 
field of A and let K be an algebraic closure. Assume there is an iJ-stable subspace of Va ^a K- Since 
H is normal m Gf, gW is also H invariant for any g G Gf- Take n > 1 such that cr" G H. Then, for 
each g G Gf, gW is an eigenspace for pA{cr^). Since the ratio of the eigenvalues of pa(o') is not a root of 
unity, the eigenvalues of pa{o'") are distinct. Hence, any g G Gf must permute the two one dimensional 
eigenspaces for pA{cr^). So, either is Gf stable or there is an index two subgroup TV of Gf such that W 
is stable and Gf/N interchanges the two eigenspaces for pa(c")- In the first case pA is reducible over 
K, contradicting irreducibility of Vw (8)f IF, and in the second it is dihedral, contradicting our assumptions on 
Va. □ 

Proposition 1.7.4. Let A be a CNho-algebra domain with fraction field K of characteristic p and let Va 
be a deformation of Vr with finite order determinant. Fix a basis of Va and let T denote the image of Gp in 
GL2(A) with respect to this basis. //F — > GL2(F) has nontrivial kernel then rnSL2(Ar) is Zariski dense in 
SL2/K. 

Proof. Bv ll.7.2l there is some g G imp^ with infinite order eigenvalues. Since det pA is finite order, the ratio 
of the eigenvalues of g is not a root of unity, and Va satisfies the assumptions of 11.7.31 So, for any finite 
index subgroup H of Gf, Pa\h is absolutely irreducible. 

Let = r n SL2(if) and assume F^ is not Zariski dense in SL2/A'- Let F^ denote the Zariski closure of 
F^ in SL2/A' and (F^)" its connected component at the identity. Our assumption implies dim(Fi)" < 2, and 
so (Fi)° is solvable. Then (F^)" acts reducibly on Va 'E)a K, where K is an algebraic closure of AT. Since 
the determinant of Va is finite, F^ n (Fi)° is finite index in F^, so there is a finite index subgroup H oi Gf, 
such that pa\h acts reducibly on Va <E)a K, a contradiction. □ 

We note that the assumption that F — > GL2 (F) has nontrivial kernel is satisfied if Vjf is dihedral and Va 
is non-dihedral. 

Corollary 1.7.5. Assume Vf is L-dihedral. Let A be CNJjq -algebra domain of characteristic p, and let Va 
be a non-dihedral deformation of V% with finite order determinant. Then there is a G Gf \ Gl such that 
Pa(o') has infinite order. 

Proof. Let K denote the fraction field of A, and fix a basis of Va <E)a K. Let F be the image of pA in GL2(A') 
with respect to this basis. If t; G F is of finite order, then its eigenvalues are roots of unity that lie in a 
degree two extension of K . There is an integer iV > 1 such that any root of unity that lies in a quadratic 
extension of K has order < N. Then if g G F is finite order, g^ is unipotent. We see that the set of finite 
order elements in F lie in the Zariski closed subset of GL2/A' defined by g^^ = I, which we denote hy X. It 
is not hard to see that dimX < 2. 

Assume that pAi^') is finite order whenever a G Gf\ Gl- Let H = pa{Gl) C F and let g = p((t) for some 
a G Gf \ Gl ■ By assumption every element of gH is finite order, so gH C X. Then T = HU gH C gX U X, 
so the Zariski closure of F has dimension < 2. By 11.7. 4| Va must be dihedral. □ 



MODULARITY OF NEARLY ORDINARY 2-ADIC RESIDUALLY DIHEDRAL GALOIS REPRESENTATIONS 



27 



1.7.6. Let L/F be a quadratic extension such that p is L-dihedral. Write p = Indg.^Xj foi' X ■ Gl ^ 
and let x ■ Gl denote the TeichmuUer Uft of Let L^g /L denote the maximal abehan pro-p extension 

of L unramified outside S. Set i?L-di = ^'[[Ga^il.'^/L)]] and let ^ : Gl ^L-di ^^'^ canonical character. 
We have an L-dihedral deformation of Vr to RL-di given by Ind^^x^- It is easy to see this deformation is 
universal for L-dihedral deformations, and that there is a surjection Rf,s ~^ Rb-dii hence the locus of all 
L-dihcdral points in Spec Rf,s is closed. As there arc only finitely many quadratic extensions L/F such that 
p is i-dihedral, the locus of all dihedral points in Spec Rp^s is closed. The same is then true for any quotient 
of Rf^s- 

The following two lemmas record some properties of dihedral deformations and will be used later to ensure 
certain deformations are non-dihedral. 

Lemma 1.7.7. Let L/F be a quadratic such that p is L-dihedral. Denote by Lg the maximal Galois 
subextension of L^ / L such that the nontrivial element of Gal{L / F) acts on Gal{Lg/L) as —1. Let Rf,s ^ 
be a surjection with kernel containing we, and let Va denote the corresponding deformation. // det Va is 
the TeichmuUer lift of dctVw to , and Va is L-dihedral, then 

dim A < rkzpGal(Ls/L). 

Proof. Set = ©[[Ga^L^/i)]] and let : Gl (-^Z-di)^ ^le the canonical character. We have 

an L-dihedral deformation of Vr to RJ^.di given by Ind^^x^- This deformation is universal for L-dihedral 
deformations whose determinant is the TeichmuUer lift of detl^f- There is a surjection i?i? s — >■ RL-di, ^nd 
our assumptions imply that the surjection Rf,s ~^ ^ factors through 

RF,s^Ri.d,^nG-ALs/m, 

from which the result follows. □ 

The following lemma is taken directly from jS5| Lemma 2.2.1]. We include it for ease of reference later. 

Lemma 1.7.8. Let L/F be quadratic such thafp is L-dihedral. Assume there is some v\p in F that does 
not split in L. Let A be a CNLc>-a/ge6ra domain, and let Va be a deformation ofVw to A. If Va is dihedral 
and there are characters xi,X2 '■ Gv — >■ A^ such that 

tr pa{(j) = Xi(ct) + X2(cr) 
for all a G Gi, (and any pA in the deformation class ofVA), then Xi/X2 had order at most two. 

Proof. Let w denote the unique place in L above v. Note that Gw is index two in Gy, and we can find a G G^ 
such that a generates Gal(L/F). By the theory of pseudo-representations, we see that {Va\g^T^ = Xi® X2- 
By assumption, there is a character x ■ Gl A^ such that Va = Ind^^x- Note that Va\gl ~ X® x\ 
where x' denotes the conjugate of x by cr. Replacing x by x', if necessary, we can assume x|g„ = Xi|g„ and 
x'|g„ = X2|g„- But since xi and X2 sue characters of G„, we have 

Xi|g„ = X?|g„, = x'Ig„ = X2|g„, 
so Xi/X2 factors through Gal{Liu/Fy). □ 

2. Modular forms 

In this section we recall Hida's theory of p-adic Hecke algebras in the case of a totally definite quaternion 
algebra over a totally real field. We recall some facts about the associated Galois representations and define 
the particular Hecke algebras and Hecke modules that will be used in the patching argument in ^ 

In the first subsection we recall the definition of modular forms on a totally definite quaternion algebra 
over a totally real field and their connection with cuspidal automorphic representations of GL2. This is all 
standard, except that we allow the possibility of non-compact subgroups as in [KWl §7]. We do this for the 
following reason. If we have a fixed central character for our space of modular forms, and / is a eigenform 
with Iwahori level at u, then then there are two possibilities for the Hecke eigenvalue at v. When p is odd, the 
choice for the eigenvalue is uniquely determined modulo p, and so the local representation of G„ associated 
to / is uniquely determined by the reduction of / modulo p. When p = 2 this is not the case, and in order 
to ensure that our local deformation ring at u is a domain, we only want to allow lifts of a fixed mod p 
eigenform that have a specified Iwahori level eigenvalue. 
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In the next subsection we recall the definition of the (finite level) nearly-ordinary Hecke algebras and the 
corresponding nearly-ordinary subspace of modular forms. 

In the following subsection wc construct the universal nearly-ordinary Hecke algebra and a certain avatar 
of p-adic Hida families. This is done following [HI] , except that we deal only with the totally definite case, 
and so things become much simpler. We also allow certain non-compact subgroups, but this does not pose 
an issue, provided one assumes that the level is small enough at some fixed place to guarantee a standard 
neatness condition. 

In the next subsection wc recall properties of Galois representations associated to our quatcrnionic modular 
forms and the construction of large Galois representations with values in our universal Hecke algebra using 
pseudo-representations and a theorem of Nyssen and Rouquier. 

The final subsection will deal with augmenting the level of our Hecke modules at auxiliary primes, nec- 
essary for the patching argument in 21 Normally, one augments the level at primes v that are congruent 
to 1 modulo p, and such that the fixed residual representation is unramified at v with the Frobenius having 
distinct eigenvalues. This is done to ensure there are no lifts of the fixed residual representation that are 
Steinberg at v. As in [SWlj and |SW2| . it will be necessary for us augment the level at places v for which 
the residual representation does not have distinct eigenvalues. Due to this, we cannot ensure that there 
arc no Steinberg-at-i; lifts. However, we do show that any such are annihilated by a particular element, cf. 
12.5.31 which allows us to prove a control theorem for these auxiliary primes that is necessary for the patching 
argument in fj4l 

We now introduce some notation and assumptions that will be used throughout this section. We denote 
by F C Q a totally real field. Of its ring of integers, and Ap its ring of adcles. If 5 is a finite set of places 
of F, we let Ap^s denote JIugs ^^'^ denote Jll^s If w is a rational place, we will write Ap^^^ and 
Ap instead of {-^i^,} and a]^"'™'^; in particular, A^ denotes the ring of finite adeles. 

Recall we have fixed algebraic closures Qp of Qp, as well as embeddings Q Qp and Q '-?> C. Let Jp 
denote the set of embeddings F ^ Q. Via our fixed embeddings of Q into Qp and C, we view Jp as the set 
of embeddings of F into Qp and C, respectively. Let E/Qp be a finite extension containing all embeddings 
oi F ^ Qp. Let O denote the ring of integers of E. Given an clement z G F (g)Q Qp = Y\^\p Fy, and k e Z'^^ , 

we let denote OtsJf '^i^)^'' ^ ^- We call a pair n = (k, w) e Z''^ x Z'^^ an algebraic weight if kr > 2 
for all T and kr + 2wt is independent of r G Jp. For each finite place v of F, we let denote the maximal 
ideal of Op^ and k^ the residue field. 

We will let Kp = {Op (g)z Zp)^ = n„|p ^f„- ^^t any a > 1, wc let 

Up = {ixv)v\p & Up : Xy = 1 mod m° for each v\p}. 

For a > we set A{U^) = 0[[U^]\. Note that A{U^) has dimension 1 + [F : Q], is local if a > 1, and is 
isomorphic to a power series over O if a is sufficiently large. 

For V a finite place of F, and a > 0, we let Iw(v"), respectively Iwi(v°), denote the subgroup of GL2(C'_f^) 
that are upper triangular, respectively upper triangular unipotent, modulo m°. Given integers 6 > a > 0, 
wet let Iw(t;"''') = Iwi(i;°) n Iw(i;''). 

For a topological O-module M, we denote by Af^ the Pontryagin dual of M, i.e. A/^ = Homc)(M, E/O). 
This assignment is functorial and f ^ gives an isomorphism Endc)(A/) = Endc)(A/'^). In particular, if a 
commutative ring R acts on M, then it acts naturally on A/^ by {r(j)){m) = (f){rm). Pontryagin duality is 
not an exact functor, but if we restrict to the subcategory of locally compact Hausdorff O-modulcs and strict 
morphisms, i.e. i.e morphisms / : A/ — > M' such that the induced map A// kcr / — )■ im/ is an isomorphism 
of topological O-modules, then if 

Ml Ml Ms 

is exact and g{M2) is closed in M^, 

A M^ A M^ 

is also exact, cf. jM4[ Proposition 0.20]. We will always be in such a situation in what follows, so we will 
occasionally refer to the "exactness of Pontryagin duality" without further comment. 

2.1. Quaternionic cusp forms. Let D denote a quaternion algebra with centre F ramified at all infinite 
places and split at all places above p. Denote by S the set of finite places at which D ramifies. Let vpt 
denote the reduced norm of D. Fix a maximal order Od oi D and, for each finite place v at which D is split. 
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an isomorphism On <E)Of C'f„ == -^^2(C'_f„) of Oj;-^ -algebras. This determines an isomorphism Dy = GL2(i^i,) 
sending {Od)v to GL2(Oi;'„). Using this, we identify {D (^p ^'p' )^ '^i*'^ GL2(A^' ). We also fix a locally 
algebraic character tp : F^\(A^)^ — >■ O^, and for each v G T,, unramified characters 7„ : — >■ such 
that 72 = ^l^^x. 



2.1.1. Let A be a topological O-modulc. For each t S Jp, we have an isomorphism Od ®Of,t O = M2{0). 
Via this isomorphism, given t G Jp, kr > 2 and Wj- G Z, we can view 

Sym'^^-^A^ (g)o det'"^©^ 

as an Od <8)z — M2x2(C_f Zp)-module, which we denote by Wk^^w^{A). Given an algebraic weight 
K = (k,w) e Z'^^ X Z-^", we set wJ{A) = (^reJ^Wk^^wA^)- Note ^ W«(e') (^o A. Concretely we 

can view Wk{0) as the space of O-linear combinations on the monomials 

-Q ^fc.-2-j^y^j^ 
tEJf 

for < jr < kr — 2, where the action of On ®z Zp ^ M2x2(C'f ®z Zp) is given by 



TdJp t£Jf 

Following [KW| . we will consider some non-compact open subgroups U = Yiv '^^ {D (E}f A^)^ in order 
to ensure that certain local deformation rings are domains. This is only necessary when p = 2, which is our 
principal focus, but we do this for all p simply to avoid cases and to treat all primes at once. To facilitate 
this, we extend the action of {Od ®z ^p)^ on P^k(^) to an action of 

(D ®p A^-P^ X {Od ®z Zp)x - [] X Yl{ODy^ 

v]p v\p 

by letting Dy act via o i/^) if w g E, and trivially if u ^ S U {uijp}. 

Let S' C S. We will call an open subgroup U = Yiv Uv oi {D (E)p A^)^ a (E' C 'E)-open subgroup if 

- Uy C GL2(OfJ for u ^ E, 

- Uy — Dy for V € E', and 

- Uy = {ODy'y for w e E \ E'. 

Let K, be an algebraic weight and let ?7 be a (E' C E)-opcn subgroup. We let Si^^^,{U,A) denote the space of 
functions 

f ■.D''\{D®pk^r ^WM) 

such that f{xu) = u~^f{g) for all u G C/ and f{zx) = ■4;{z)f{x) for all z G (A^)^. For this space to be 
nonzero, there must be a submodulc of A on which ip{z) — for all z G U H (A^)^ . In the case that 

K = {{k, . . . , fc), (0, . . . , 0)) for some fc > 2, we will also write Sk,ti>{U, A) for SK,,ti,{U, A). Note that for w e E' 
we have f{xgy) = 7„ o VD{gv)f{x) for ah gy € Dy. 

Choose ti,...,tn e {D (g)p A^)^ such that {D (gjp A^)^ = Uf^ii:>^tjC/(A^)^ . Then the map / 1-^ 
{f{ti), . . . , f{tn)) defines an isomorphism of O-modules 



S,,4U,A)^^WAA) 



(C/(Af?)Xntri_DXti)/FX 



which is also an isomorphism of A-modules if A is an O-algebra. If for any t G {D ®p A^)^ , we have 

(f7(A^)^ nt-iL'^t)/^^ = 1, 

then A i-> Sk.^{U,A) is an exact functor and S'k,^(?7, A) = Sk.,t(,{U,0) (E)o A. Note, however, that if A is 
O-flat, in particular ii A = E, we still have Sk.^^{U, A) = Sk,^^{U, O) ®o A without any assumption on U. 
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2.1.2. Wc record a few lemmas regarding the structure of the isotropy groups {U{A^)^ n D^t) / . 
Let denote the subgroup of of elements of reduced norm 1, and let U' = U O O^. Note that U' is 
open compact. Set V = Y[w<oo • Then the reduced norm gives an exact sequence 

(6) {uvnt-^Dh)/{±i} ^ (t/(A^)^ nt-^D''t)/F'' (((A^)^)2i/nF^)/(^^^)2, 

and there is an exact sequence 

(7) ^ 0^/{0^f {{{A^yfVnF'')/iF''f Cl[2] 

with CI the class group oi Op. The first two of the following three lemmas are taken directly from |KW[ §7]. 

Lemma 2.1.3. Let U be a (S' C I])-open subgroup of {D ®p A^)^ . Let w be a finite place not above p at 
which D is split. Let be the cardinality o/GL2(A;^). 

The exponent of a Sylow p-subgroup of (J7(A^)^ H t~'^D^t)/F^ divides AN^j- 

Proof. First assume that U is compact. Then UV Ot^^ D^t is discrete and compact, hence finite, and injects 
into Uu]Vw Note that any finite subgroup of U^Vw of exponent a power of p injects into GL2(fcm) under 
reduction modulo mm. By (O, {{{A'^)^)'^V n F^) / [F'^Y has exponent 2, and so any p-Sylow subgroup of 
{U{KfY r\t-'^D'^t)/F'' has exponent dividing 2iV„,. 

Now assume that U is not compact. Let U' denote the maximal compact open subgroup of U. Since 
C/(A^)^/C/'(A^)^ is a finite group of exponent 2, the same holds for the quotient of {U{Af)'^nt~^D'^t)/F'' 
by ([/'(A^)^ n t~^D^t) / F^ . From what we know in the compact case, we get that the exponent of any 
p-Sylow subgroup of (f/(A^)^ n t-^D''t)/F'^ divides AN^. □ 

Let w be a finite place of F at which D is split. If [/„ D then any character Xv ■ ky ^ can be 

viewed as a character of U by 



Xt, ^ ^ 1^ ^ = Xv{avdy ^ mod my). 



Since Xv is trivial on U (A^)^ , we can extend Xv to a character on U{A^)'^ by letting it be trivial on 



\oo\x 

' ) ■ 



Lemma 2.1.4. Let Q be some fixed set of finite places of F at which D is .split. Fix another finite place 
w ^ Q at which D is split, and let Ny^ be the cardinality o/GL2(fctu). Let U be a (E' C Yj)-open subgroup 
of {D ®p A'^)^ such that Uy 3 lw{v) for every v € Q. Assume that for every v G Q, the order of the 
p-subgroup of is divisible by the p- part of 2p{ANy,). 

There is a character x =^ WveQ ' YiveQ such that, 

(1) each Xv is non-trivial of order a power of p, and has order > 4 if p = 2; 

(2) viewing x as a character of C/(A^)^ as above, x annihilates (U{A'p')^ f] t^^D^t)/F^ for any 
te (D^i. A^)^. 

Proof. Our hypothesis implies that there is a character x' = IltieQ ^'v '■ YlveQ ky ^ of order a power of 
p, with each x'v of order divisible by the p-part of 2p{4:Nyj). We then set Xv = (x«)^^™: and x = IltieQ Xv- 
Note that the order of x is divisible by the p-part of 2p. Since the exponent of a p-Sylow subgroup of 
{U{A'P')''nt-^D''t)/F'' divides the p-part of ANy, bv lST^l x is trivial on (C/(A^)^ nf-^ D^'t)/ F"" for any 

t&iD^pA^)''. a 

Lemma 2.1.5. Let v be a finite place of F at which D is split, and let U be a (S' C Yi)-open subgroup of 
(D ®F AfY. There is some n>l such that if Uy C Iwi(w") then {U{AfY n t-^D''t)/F'' = 1 for any 
t€ (£>®fA^)^. 

Proof. Since D'^'\{D (E)f A"^)^ /U{A^)^ is finite, it suffices show the existence of such an n > 1 for fixed 
t € {D<»F A^)^. Let fi denote the set of all roots of unity C e Q such that [F(C) : F] < 2. Take k > 1 
sufficiently large such that for any C S A* with C 7^ ±1, we have C + C^^ ^ ±2 mod mjj. We take n such that 
n > 2k and such that 2 ^ m". 

Let U' denote the maximal compact subgroup oi U, denote the subgroup of Z?^ of elements of 
reduced norm 1, and set V = n^<oo ^f„- Fi^st consider the subgroup {U'Vrit-'^DH)/{±l} of ([/'(A^)^ n 
t-^D''t)/F^ . Note U'V n t'^D^t is finite, since it is compact and discrete. Take uz e U'V D t~^D^t with 
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u E U' and z E V. Since uz E t ^D^t has finite order, tr (uz) = C + C ^ for sonic C G Our assumption on 
Uv implies V£i{uv) € 1 + m", and so 1 = i'£)(u)z^ implies that z„ G ±1 + mjj, by choice of n. Then 

C + C^"^ — (^^) = tr {u^z^) = z„tr (ti„) e ±2 + mjj, 

which implies ^ = ±1, by choice of fc, and thus that {U'V n t~^£'^i)/{±l} is trivial. 
Since (f/'F n t-i£)H)/{±l} is trivial, the reduced norm induces and injection 

and by 0, {U' {Af)T\t-'^ D^'t)/ F"" is a finite 2-group. Since C/(A^) ^ /[/'(A^) ^ is a finite group of exponent 
2, {UiAf)'' n t-^D''t)/F'^ is also a finite 2-group. It thus sufHces to show that if 5 e U{h.fY ^ t'^D^'t 
is such that g"^ € F"" , then g G F"" . If .g^ g i^x and g i F"" , then trg = 0. But U{KfY ^ t'^D'^t injects 
into UvF^ , and since 2 ^ m", elements of UyF^ have nonzero trace. □ 

2.1.6. Set U' ^ Un O^. For g E [D ®f A^'^), if f/'gf/' = U.p.C/', we have UgU = U,g,U . If 5 £ 
[D ®p A^'^)^ X 02 Zp)^ there is a double coset operator 

[UgU] : S^^^{V,A) 

given by ([[/gC/]/)(a:) = J2i9ifi^9i)- If ^ ^ vector space, then this double coset operator is defined 

for any g € (D (g)_F A^) ^ . 

UV <EU is another (S' C I])-open subgroup with V normal in U, then the group A = U{A^)^ /V{A'^)^ 
acts on S^,^{V,A) by ((<5)/)(x) = usf{xus), where us is any lift to J7 of 5 e ?7(A^)^/y(A^)^. We will 
have several occasions to use the following lemmas. 

Lemma 2.1.7. Let U and V be (E' C Yi)-open subgroups of {D (E)f A^)^ with V normal in U. If for all 
te(D(8)FA^)^ we have {U{A'^)T\t-^D''t)/F'' =1, then S^,^{V,0) is a free 0[A]-module. 

Proof Choose {ti,...,t„} C (D«)_f A^)^ such that (1?®^ A^)^ = U'^^j^D''t,U{A'p)'^. Our assumption 
on U implies we have an O-algebra isomorphism 

n 
i=l 

f^{f{t,),...,f{t^)). 

For each 5 € A, choose a representative us G C/. Then, [D^pA'^Y = LlagA D^tiUsV{A^)^ and there 
is an isomorphism of (^[AJ-modules 

n 

'i=i 
(5eA 

From which it follows that ^^.^(V, O) is a free ©[AJ-module. □ 

Lemma 2.1.8. Let U and V be (E' C I])-open subgroups of {D (E)p A^)^ with V normal in U and A = 
t/(A^)^/V^(A^)^ abelian. Assume that for all t e (L»®_f A^)^, we have iU{Af)'^ CM-^ D'^t) / F"" = 1. 

SK.i<{V, E/O)"^ is a free 0[A\-module, and for l : Sk_^{U, E/O) — > Sk,iI){V, E/O) the natrual inclusion, 
defines an isomorphism from the A-coinvariants of Sk_^,{V, E/O)'^ to Sk,,iI){U, E/O)'^ . 

Proof. Let ua denote the augmentation ideal of O [A] . We have 

S^,^iV,E/Oy/aA = liomoiS^,^{V,E/0)[aA],E/0) 

^llomoiS^,4U,E/0),E/0) 

^S^,^{U,E/0)\ 

which is the second part of the lemma. 

Give Homc)(C'[A], O) the 0[A]-modulc structure {5\){r) = \{5r). There is an isomorphism of ©[A]- 
modules ©[A] = Homc)(0[A], O) defined by sending (5 e A to {6~ )* , where takes value 1 on 

and on every other 7 g A. Hence . 1 . 71 implies that Homc)(S'K,^(T^, O), O) is a free ©[AJ-module. By our 
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assumption on U, Sk,-4,{V, E/O) = Sk^^,{V,0) ®o E/O. Moreover, since 5^,0(^,0) is free over O, we have 
an O-module isomorphism 

llomoiS^^4V,0) ®o E/O, E/O) ^ Homo(^.,v,(^, O), O) 

given by (/) I— >■ (jxE)!- This map is O [A] -equi variant, so the freeness of Homc)(5K.^(y, O), O) over 0[A] imphes 
thut of S^,4,{V,E/Oy. □ 

2.1.9. Wc finish this subsubsection by rccaUing the connection between the O-modules S'k.^,(C/, O) and cus- 
pidal automorphic representations of GL2(Ai?). We say an irreducible cuspidal automorphic representation 
TT of GL2(Ai?) is regular algebraic if there is an algebraic weight n = (k, w) such that for each t € I, letting 
V denote the corresponding infinite place coming from our fixed embedding Q C, 7r„ is the discrete scries 
representation with lowest weight — 1 and central character z t-s- sgn(z)'^^ jzp"'^^"^"'^ . Recall that if V is 
an open compact subgroup of GL2(A^) and g G GL2(A^), there is a double cosct operator [V^gl^] on tt^ 
given by 

[VgV]w = ^gtw 

i 

if VgV = U,g,V. 

Set U' ^ Un O^. Assume that iP{z) = z^-^-Sw foj. z e U' n (A^)^. Fix an isomorphism Qp = C 
that extends our fixed embeddings Q — > Qp and Q C. Define a character -0c ■ F^\Ap — > by 
ipciz) = ipiz)Zp^'^'"~^ z'^^~'^'" ■ We also define characters 7t,x : -> for each v e T. simply via the 
isomorphism Qp = C. Note that we can view 

W^{C) ^ ^rej^Sym'^'^-^C^ ® det"'-C2 

as a representation of = {D ®f K)^ ■ 

Let 2tut^ Y.' denote the set of all irreducible automorphic representations n of D with central character 
ipc such that TToo = Wk{C)* and tTi, ^yOVD for each v e S'. For tt e Slut^^^, y.' ^-nd g G {D®fA'p')^ , there 
is a double coset operator [U'gU'] on tt'^ defined in the same way as the GL2-case. Let ^,{D^\{D (S^p 
Ap)^ /U' , C) denote the space of smooth functions 

(p : D''\{D(E)fAf)''/U' — > C 

such that (j)(zx) = ')pc{z)(j){x) for all z G A'p' and (j){xgv) = 7i,.c o VD{gv)4'{x) foi' ^-H S-u G with u e S'. 
Then 

=Hom^.(W^„(C)*,C^^,5,,px\p®^.A^)V^',C)) 

and the map / i— > (A n> (x n> A(a;j^^.Tp/(.T)))) defines an isomorphism 

a : 5„,^((7,i;) ®eC^ Hom^x (VF«(C)*,C^^p^\(i^®F A;^)V[/')) 
such that 2lo [[/ gU] ~ [U'gU'] o 21 for all g e {D (E}p A"^)^ . Applying the theorem of Jacquct-Langlands and 

D 



Shimizu to Slut^^,, ^, wc obtain the following 



Proposition 2.1.10. Define an open compact subgroup V o/GL2(A^) by Vy ~ Uy forv ^ S and Vy = Iw(?;) 
for w S S. Let H^,^^ ^, denote the set of all irreducible cuspidal automorphic representations tt of GL2{Af) 
such that 

- TT has central character tpc, 

- TT is regular algebraic of weight k 

- TTy is square integrable for each t; G E, 

- TTy = (7„.c o det) ® St for each w G S', where St denotes the Steinberg representation. 
There is a surjection of C-vector spaces 

3h: S^,^{U,E)(g)EC^ (7r°°)^ 

such that 
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(1) forge (L'®fA^'^)>< = GL2(A^'^), we have 

JL o [UgU] = [VgV] o JL; 

(2) JL is an isomorphism unless n = ((2, . . . , 2), w), in which case the kernel of JL consists of the 
functions that factor through the reduced norm. 

2.2. Nearly ordinary Hecke algebras. Keep the assumptions and notation of tlie previous subsubsection. 
We furtlier assume tliat for eacli v\p, there is n > sucli that [/„ 3 Iwi(w") 



2.2.1. Recall that S is the set of finite places at which D ramifies. Let S 
For any v (ji S and uniformizer tn„ at w, the double cosets 



^\j{v\p}\j{v:U,,^{ODm. 



U 



U and U 



U 



do not depend on the choice of Wv- We define operators and Sy on Si^_^{U, A) by setting 



Tvf 



U 



1 



U 



f and Si,f 



U 



U 



Note that Sy is simply multiplication by ip(wv). If ^ C [/ is another (S' C I])-open subgroup, the natural 
inclusion Sk.^^{U,A) — j- Sk^^{V,A) is equivariant for the Ty and Sy such that Vy = GL2(C'f„)- 

For each v\p we fix, once and for all, an element voy S F such that voy is a uniformizer for Fy and lies 
in Op for all w\p with w ^ v. We choose our uniformizers for Fy in this way because, following Hida, 
we modify the usual Hecke operators at places above p in order to define the nearly ordinary subspace of 
Sk^^{U,0). This modification will involve a multiplication by a power of Wy, and having Wy belong to F 
allows us to compare the nearly ordinary subspace of Sk^^{U,0) with nearly ordinary cuspidal automorphic 
representations of GL2(Af). 

Note first that for any g G M2x2(C_f <8)z ^p) with det{g) ^ 0, the endomorphism T{det{g))~^^ g of 
Wk^^w^{E) stabilizes the O-lattice Wk^^w^{0), hence defines an endomorphism of Wk^^yj^{A) for any O- 
module A. For each v\p, we then define the operator on Sii^^{U, A) by 



U 



1 



U 



f, 



Note that T^^ depends on the choice of ruy as we are not assuming Uy — GL2(C'f„)- li V C U is another 
(S' C E)-open subgroup and Iwi(u") C Vy C Uy C lw{v), for some n > 1, the natural inclusion Sk.^,{U, A) ^■ 
<S'k,i/;(V, A) is a equivariant for T^^. 

For y eUp = {Op ®i Zp)^ , we define two related operators. First we define {y) by 



{v)f- 

We then define a normalized version by 



U 



y 



U 



{yr° = y-'^{y)- 

The point of introducing the normalized version is that later we will define an isomorphism between certain 
spaces of modular forms of different weights, and this isomorphism will not be (y)-equivariant, but will be 
(y) ""-equivariant. Note that an O-subalgebra of F,ndo{SK^.^,{U,0)) containing (y) also contains and 
vice-versa. liVCUis another (S' C I])-open subgroup then the natural inclusion St^^.^{U, A) — >■ ^^^^(V, A) 
respects the {y) and (j/)"°-actions on each space. 

If A is a commutative O-algebra, we denote by Tk,^(C/, A) the A-subalgebra of YjXvdA{SK,,ip{U^ A)) gen- 
erated by Ty for each v ^ S, T^^ for each and (y) (equivalently (y)"°) for each y G Up. If A is not 
a commutative O-algebra, we denote by Tk,^(C/, A) the O-subalgebra of Endci(S're^i^([/, A)) generated by 
the aforementioned Hecke operators. If A is a finite O-module, or if A = E/O, then T ^^.^{U^ A) is a finite 
commutative O-algebra. 
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2.2.2. Let A be one of the following: O, a finite quotient of O, E/O, or a finite submodule of E/O. We 
call a maximal ideal m of TK,tpiU, A) nearly ordinary if the image of in Tk,^(J7, ^)/m is non-zero for 
each v\p. Note that since Ti^^^{U, A) is finite over O, we have a decomposition 

T^^^iU,A) = llT,^^iU,A)^ 

m 

where the product runs over the set of maximal ideals of Tk,i/i(?7, A). We define the nearly ordinary Hecke 
algebra (of weight k, character -0 and level U with coefRcients in A) by 

m no 

where the product runs over aU nearly ordinary maximal ideals of T^^jp{U, A). Note that the projection 
corresponds to an idempotent en in TK,,^iU, A), and it is known as Hida's idempotent. Letting 

v\p 

it can be checked that 

en = lim T^'. 

We also define the nearly ordinary subspace of Sf^^^{U^ A) by 

Sl%U,A)^e^S^^^{U,A). 

2.2.3. Let TT be a cuspidal automorphic representation of GL2(Af^) of weight k. For each v\p^ since is 
an element of F , we can make sense of the operator 

on TT^ for any compact open subgroup V , viewing Jp as the set of embeddings — > C. We say tt is p-nearly 
ordinary (or just nearly ordinary if p is clear from the context) if there is a open compact subgroup V of 
GL2(Ai?) and a non-zero vector x G tt^ such that for each v\p, Tro„ acts on x by an element of Q that is a 
unit in the ring of integers of Qp. Note this docs in general depend on our choice of embedding Q — ^ Qp. 
If TT is nearly ordinary, then for each v\p, tt^ is either a principal series representation 7r(r/t,| |y^,/^t,| |y^) 
or a special representation a{r]y\ \l^'^,r]y\ \v'^^^) with -cu^^r]y(TUy) an element of Q that is a unit in Qp. cf. 
[H2| Corollary 2.2]. If tt is nearly ordinary and tt^ 7^ 0, then there is in fact a unique line in tt^" on which 
Tro„ acts via a unit in Qp. 

Using the notation of 12.1.101 if we let II^'"° ^, denote the subset of H^^^ ^, consisting of nearly ordinary 
representations, then the map JL of 12.1. 10) restricts to 

JL:S^^iU,E)®EC^ TT^. 



If Uy C Iw(w) for each v\p, then any function factoring through the reduced norm of D is not nearly-ordinary, 
and so in this case JL is an isomorphism on nearly ordinary subspaces. Using this we can identify T'^°^{U, E) 
with a subspace of cndomorphism of tt^. 

Take tt £ n^'"° ^, with tt^ 7^ 0, and fix a nonzero vector x = (E}yXy £ tt^ , on which T^^ acts via a unit in 

Qp for each v\p. The line generated by x is TJJ°, (i7, i?)-stable, and if X ^^yXy IS another such vector, the 

TJJ°^(J7, £')-eigensystem given by x is equal to that of x' . It follows that we have an i?-algebra injection 

Tl°^{U,E)^Y[Qp 

TT 

where the product is taken over aU TT e n^;^;° J,, with TT^ ^ 0. In particular T'^°^(C/, O) is reduced. 
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2.3. Universal nearly ordinary Hecke algebras. Keep all assumptions and notation of the previous 
subsection. We will further assume henceforth that A is one of the following: O, some finite quotient of O, 
E/O, or some finite submodule of E/O. We will also assume henceforth that Uy ~ Iw{v) for all v\p. 

For integers & > a > we let U{p°''^) denote the open subgroup of U given by C/(p°'^)„ — U^ if u fp, and 
U{p°''^)v = UyO lw{v°-'^) for v\p. Note that J7(p°'") is not the subgroup of U consisting of elements that are 
upper triangular unipotent modulo but rater modulo zUp, where Wp is the finite idcle with (vc'p)y = Wy 
for v\p and equal to 1 elsewhere. 

a,b\ 



2.3.1. For y € Up^ ^ ^ j normalizes U{p°'' )^ so 

Since we have fixed a central character ip, the natural inclusion Sk.,^{U{p'^'''), A) — )• Sk.^^{U{p°''''), A) identifies 
S^,^{U{p°'''), A) with theZ^p-invariants of A). Similarly for S^°^{U{p°''>)^ A) A). 

Lemma 2.3.2. For any a > and b > max{a, 1}, the inclusion S^°^{U{p"--''), A) S'™^(C/(p"'^+i), A) is 
an isomorphism. 

Proof. RecaU that Tp = Ylv\p^^..- Then for 6 > 1, the action of Tp on S^^^,{U{p''^''), A) is given by the 
double coset operator 

where vup G (A^)^ is the idcle equal to vjy at v\p and 1 elsewhere. It easy to check that, for 6 > 1, 



Hence TpS^.^{U{p'''''+^), A) C 5^.^(C/(p"'''), A), where we have identified S'„,^([/(p"'''), A) with its image 
in S^,^{U{p''''>+^),A). It follows that eHS^,^iUip''^''+^), A) = eH5K,^([/(p"^^), A) for any a > and b > 
max{a, 1}. □ 



STAUip''''), A) induce surjections T,,v(t^ ^) T,,^([/(p'^^'^), A) and TJ!°(t/ (/■''), A) ^ T;J° 



For 6 > a, the Hecke-equivariant injections S^^^iUip"'"), A) -> S^^^{U{p'''''), A) and ^^"^([/(p"'"), A) 



We define 



and 

S^^{U{p^),E/0) = liu^S^^Uip^n.E/O). 

a 

We have a faithful action of T'^°^{U{p°°), E/O) on S'^%{U{p°°), E/O). 

If M is a topological O module, then Pontryagin duality M 1—)- = IIomci(i\jf, E/O) induces an isomor- 
phism Endo(M) ^ Endc)(M^). Hence, we have a faithful action of TJJ°^(;7(p°^°), E/O) on S'^%{U(jj''-''), E/O) 
Take oq > 1 large enough so that ([/(p''0'°»)(A^)^ n t'^ D'^t)/ F"- = 1 for all t & {D ®f A^)^, which is 
possible bv 12.1.51 Then for any a > ag, 5'JJ°^(C/(p°'°), O) is a finite free O-module and 

Sl%{U{p'^''^),E/0) - 5^-^,(t^(?'"'"),0) ®o E/O, 

hence there is an isomorphism 

Homo(5;j°^((7(p"^"),0,0) - Y{ou,o{Sl%U{p''^''),E/0),E/0). 

This isomorphism is equivariant for the action of the the operators r„, with v ^ S, T^^, with v\p, and 
with y (z Up, on each side. We then have an isomorphism, for any a > aq. 
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which sends to T„, etc. And so there is a faithful action of T^°^(t/(p'^'''), O) on S^°^{U{p''-''), E/Oy. We 
then have a faithful action of T;j°^,(;7(p°°), O) on 

lim Sl%U{p'^n.E/Or = ( hm Sl°^{U{p'^^'^),E /O)^ ^ S^piU [p^ . E / OY . 

a~>ao a>ao 

We view Tl°^XUip°°),0) as a A{Up) = 0[[Z./p]]-algcbra by letting y e Up acting via (?/)"°. Denote by 
the prime ideal in A{Up) corresponding to the kernel of the C-algebra homomorphism that sends y Cz Up to 
y-w g Q With some mild abuse of notation, we also denote by it's pullback of to A{Up) = ©[[W^]] for 
any a > 0. We then have a version of Hida's control theorem. 

Proposition 2.3.3. Let a > 1 be such that ([/(p°^°)(A^) ^ nt-'^D''t)/F'' = 1 for all t e {D (E)f Af)"" . 

S'^°^{U(j>°°),E/Oy is finite free over K{U^) of rank equal to the O-rank of S^°^{U{p'''''),0). Moreover 
the natural surjection S^°^,{U {p°°) , E / S'^°^{U{p'''''),E/OY has kernel p^s'^°^,{U{p°°), E /Oy . 

Proof. We define a different A(Wp)-module structure on S'"°^(C/(p°°), iS/O)^, by letting y & Up act via 
(y). Note that the two A(Wp)-module structures differ by an automorphism of A{Up) that sends to the 
augmentation ideal a of A{Up). It thus suffices to prove the lemma with this new A(Wp)-module structure 
and replaced by a. 

The second part follows easily from 12.3?^ 

S^^Uipn, E/OY/aS^,^^{U{p°"), E/Oy = Roma{S:^4U{pn,E/Of'^,E/0) 

-(lin^i5-^(t/(p-''),i?/0))^ 

b>a 

= Sl°^{U{p^'n.ElO)\ 

For the first part, it suffices to show, by the second part, that for every b> a, S^°^{U {p^'^), E /O^ is a finite 
free 0[U^ /U^]-module of rank equal to the O-rank of S';?°^(C/(p'^'°), O). Since the projections 

are Hecke equivariant, and the direct summand of a free module over a local ring is free, it suffices to prove 
this without having applied Hida's idcmpotcnt. This follows from l2.1?8l □ 

Corollary 2.3.4. For any a > 0, both Sl°^,{U {p^) , E / Oy and Tl°^,{U {p'=^),0) are finite over A{U^). 

Proof. It suffices to show this for some a > 0. That it holds for Sl°^{U {p^) , E / Oy is part of [031 Since 
there is an injection 

T.,^(t/(p-),0) EndA(;,.)(51»^,([/(p-),i?/0)^) 

the same is true for T^,^,(J7(p°°), O). □ 

2.3.5. There is a unique free rank one O-submodule of VF„(C') on which the diagonal subgroup of G'i2(CF<8iz 
Zp) acts via the character 

P \ ^ w .k+w-2 

dp j ^ 

which we will denote by Xk- Fix ^ generator vi of this submodule. By abuse of notation we will also denote 
by vi its image in VFk(C/itIci) for any r > 1. Then, for A = O or O/m^, the choice of vi gives a Borel 
equivariant map 

If j4 = O/m^ and a> r, this yields a C/(p'^''^)-equivariant map 

pr, : W,{A) A. 

Recall that, for v € "E, Uy may act nontrivially on both sides of above. However, it does so via the same 
-valued character 7"^ o i/^j. 

Lemma 2.3.6. Let a > r > 1, and recall that Wp is the finite idele defined by {wp)v = for v\p and 
{zup)y = 1 for v\p. 

(1) For any v\p and g G Uip""'"") ( ) U{j)°''°'), we have gpVi = vi + w with w G ker(pr^). 
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(2) For any w e kcr(pr^) and g e U{p'^-'^) ^ C/(p°'°), we have vj~''"" g^w = 0. 

Proof. Let a be either zu^ or w^. For u e Up acts on 1^^(0/1X1^) through its image modulo ttiq, 

which is upper triangular unipotent. Hence, for any 



we can assume 

a X 



3 V 1 

for some x £ with Xp € Op ®i • 

Recall we have an isomorphism of Wk.{0 jxn^o) with the space of O/rriQ-linear combinations on the mono- 
mials 

(8) n x^-^-^-Y^^, 

with each < jr < fc,- — 2, on which GL2(0 ®z ^p) acts by 

!iO n X^^'^'^-Y^- = {apdp - 6pCp)- n {T{ap)Xr + r(cp)i;)'^"'"-''^ (^(^p)^. + T{dp)Y,y- . 
We see that kcr(pr^) is the span of all monomials (jSj with some jV < kr — 2 and we may assume vi = 
For a = zuv we have 



^ ^ re.TF tEJf 

with w G ker(pr^). 

For a = Wp, since T{zUp) e for any t e Ji?, 

f^; ^\y[ = [] {r{r^;)Xr)''--'-'-{r{xp)Xr + Yry- = 0, 

if some Jt- < fc^ — 2. □ 

If a > r, the map pr^ : Wk{0 /niQ) O/niQ induces a morphism of O-modules 

pr: : S^,4U{p^n,0/m^a) ^ 52,v.(C/(p"'"), O/m'o). 

Proposition 2.3.7. For any algebraic weight k and a > r > 1, pr* is equivariant for all Ty with v ^ S, 
Tro^ with v\p, and (2/)"° with y CzUp. Moreover pr* induces an isomorphism 

Sl%U{p'^n.O/m^a) ^ S^'^{U{p'^n.O/xWo)- 
Proof. It is easy to see that pr^ is equivariant for T„ with v ^ S and for y ^lAp. For writing 



we have, by part (1) of l2.3.6| 

So, pr* is equivariant for T^^ . 

The equivariance of pr* implies that it induces a morphism 

S^;^^{U{p'^^'^),0/m^o) S^°^{Uip^^^),0/mh). 
Take / e 52,^(t/(p"^"),C'/m^). Write 
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and define a function s«(/) : i:>^\(Li ®f A|?)^ ^ W^,[0/m}j) by 

i 

We first sliow that s{f ) is independent of tlie clioice of {g,}. Indeed, clioosing Ui G U{p°''"'), we have 

(9) ^ uj~''"^giUif{xgiUi)vi = ^ ■^p''^ giUi^pf{xgi)vi 

i i 

since / G S'2,^(?7(p'''''), O/m^) implies f{xgiUi) = (nt,es' 7t' ° '^D{ui^v))f{xgi). For each i, since w^^p is 
upper-triangular unipotent mod nj", we have Ui^pVi = vi + Wi, with € ker(pr^). Then Q becomes 

^■^p''^9if{xgi)vi + ^Wp''^g^f{xgi)wi = ^zUp''^ gif{xgi)vi, 

i i i 

by part (2) of 12.3.61 So, .s(/) is independent of the choice of {gi}- 

Now we check s^{f) e S'«,^([/(p''^''), O/m^). Set F ^ s„(/). The fact that F{xz) = for 
z e (A^)"" is immediate. Take u € ;7(p°^''). Now 

(10) {uF){x) = u(^Wp''""g.J{xugi)vi) = ^w~''""ugif{xugi)vi. 

i i 

For each i, we can write ugi = gjWj, and ([TU]) becomes 

{uF){x) =J2^p''^9jUjf{xgjUj)vi = 

3 

since is does not depend on the double coset decomposition. 

For / e 52,^(f/b'^''^),0/m^), since T; = Uv\pT^^^ Part (1) of [lH] implies that 

(pr,os.)(/)=T;/. 

Conversely, given F S S'^_,/,(f7(p°'°), O/mQ), and writing F{x) ~ f{x)vi + F'{x) with F' a function taking 
values in ker(pr^), part (2) of 12. 3. 61 implies that 

If / e S^°^{U{p'''''),0/m^a)^ then s^(/) G S'^°^([/(p"'"), O/m^). Indeed, since each space is finite, there 
is some n > r such that en = on each space. Then 

T;s^{f) = (,s„ o pr j(t;-'-s„(/)) = .K(r;-'-(pr, o = .«(r;/) = 

Lastly, pr^ and s„ restrict to morphisms between the nearly ordinary subspaces whose composites arc 
automorphisms; so, pr^ and are isomorphisms on the nearly ordinary subspaces. □ 

Since vn.^ /O = O/itIq, the following corollary follows from l2.3!71 upon taking direct limits and Pontryagin 
duals. 

Corollary 2.3.8. For any algebraic weight k, there is an O-module isomorphism 

s::4uipn,E/or - s^°4uipn,E/o)\ 

equivariant for all Ty with v ^ S , T^^ with v\p, and with y Cz Up. 

Henceforth we denote S2,i,{U{p^), E /Oy by S^,{U). By[13H S^{U) is a finite A(Z^p)-module that is 
free over A{Up) for sufficiently large a > 1. We let T.^{U) denote the A(Z-/p)-subalgebra of End/^^ii^){S^{U)) 
generated by T„ for all ?; ^ S* and Tro„ for v\p. Note that T^{U) is finite a finite A(Z^p)-algebra, and is 
reduced. The following corollary is immediate from l2.3?51 

Corollary 2.3.9. Let k = (k, v^r) be an algebraic weight such that U O (A^)^ acts on Wi^{0) via if;"^ . We 
have an A{Up)-algebra isomorphism 

T-„([/(p-),0)-Tv,([/) 
identifying the Ty for v ^ S, and the for v\p 
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Recall that if k is an algebraic weight, then for any a > 1 we denote by the kernel of the O-algebra 
morphisni h.iU'^) — > O corresponding to the character y H> oiUp. Combining 12. 3.91 with l2.3!3l yields the 
following. 

Corollary 2.3.10. Let k — (k, w) he an algebraic weight such that U O (A^)^ acts on Wk{0) via . Let 
a>l he such that (;7(p"'°)(A^)^ nt~'^D''t)/ F"" = 1 for all t e {D^FAfV- 

The isomorphism T^{U) = Tk,^(?7 {p°°), O) o f\2.3.9\ combined with the natural projection T ^,^{U {p°°) , O) — )• 
T«,^(W'"),^^) has kernel p^T^{U). 

We say that a prime p of T^{U) is an arithmetic prime if there is some a > 1 and some algebraic weight 
K such that p n A(ZYp ) = p^. 

Corollary 2.3.11. For any irreducible component C of S'pecT^{U), the set of arithmetic primes in C is 
Zariski dense. 

Proof. It is easy to see that the set of primes p G Spec A(Z//p) such that p n ^iUp) = Pk for some a and some 
K, is Zariski dense in h.{Up). The result now follows from the fact that SpecT^, (?7) is finite over Spec A(iYp) 
bv [2X4l □ 

2.4. Modular Galois representations. We keep all assumptions and notations of the previous subsub- 
section. In particular k is an algebraic weight, ?7 is a (E' C i;)-open subgroup of {D®f ^f)^ ^ and S denotes 
the finite set of places containing E, all primes at which Uv is not maximal compact, as well as all places 
above p and oo. 

2.4.1. Let TT be a regular algebraic cuspidal automorphic representation of GL2(Af). There is an absolutely 
irreducible representation 

P^:Gf^ GU{%) 

such that PttIgi, and 7r„ satisfy the (suitably normalized) local Langlands correspondence for every place v of 
F. The existence of such a was shown in |T1| building on |W] and |C1| . and an alternate construction is 
given in |BRj . The compatibility with the local Langlands correspondence was shown for places away from 
p in IC1| and |T1| , and for places above p in jBR| , [ST] and [S4] . 

In the case that tt is p-nearly ordinary, we can say more. Let (k, w) denote the weight of tt. Take an 
open compact subgroup V C GL2(A^), with Vy C Iw(w) for each v\p, such that there is 7^ x G tt^ with 
where a^, £ Q is a p-adic unit under out fixed embedding Q — > Qp. Then the line generated by 
X is also stable under (y) for every y € Up, and the eigenvalues are algebraic. Letting x'v denote the resulting 

Q- valued character, we define a character Xv '■ Fy Qp by Xv{y) = Xv{y)y~^ and Xvi'^v) — ctv- It is 
shown in [W] and [112] that 

Xv 



2.4.2. Let / e S'^°^{U, O), be an eigenfunction for T^°^(C/, O), and let 

denote the resulting homomorphism. The image of / under the Jacquet-Langlands-Shimizu correspondence, 
c.f. 12.1.101 generates an irreducible tt/. Let p/ = p^^, with p^^ as in 12.4. II The discussion in 12.4.11 applied 
to 

Pf.GF — > GL2(Aj.) 

implies 

(1) p/ is unramificd outside S and trpy(Frob„) ^ Xf{Ty) for each v ^ S] 

(2) det p/ = V'£p! in particular dot p/(c) ~ —1 for any choice c of complex conjugation; 

(3) for every u G E, P/|g„ == ^ ^ a ] with By an unramificd character, and ii v G E', 6y = 7^,; 



(4) for every v\p, p/|g„ == ^ X / ' ^^'^ isomorphism of local class field theory, Xvi'^^v) 

XfiT^J, and xv{y) = A/((2/)"°) for aU y G 
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2.4.3. We call an ideal a of T^°^{U, O) or T^{U) Eisenstein if there is an abelian extension L/ F such that 
for all but finitely many finite places v oi F that split completely in L, we have — 2 G o. 
Let / be an eigenform for T^°^(f7,0), and let 

A/ :T-^,(C/,0)^Qp, 

denote the corresponding O-algebra morphism. The kernel of A/ is contained in a unique maximal ideal m. 
Choosing a Zp-lattice for pf and reducing modulo the maximal ideal of Zp, we obtain a representation 

p„ : Gf,s — > GL2(F). 

If m is non-Eisenstein, is irreducible and (up to isomorphism) docs not depend on the choice of 
Zp-lattice in the representation space of p/, nor on the choice of /. 

Given the non-Eisenstein maximal ideal m of T^(t/) and v\p, we define a character 

by composing the isomorphism of class field theory with the character of F^ that sends tu„ to T^^ , and on 
is equal to the canonical character 

Proposition 2.4.4. Let m be a non-Eisenstein maximal ideal ofT^{U). There exists a continuous repre- 
sentation 

PU.m ■ Gf.S > GL2(T^(C/)m) 

such that 

(1) for any finite place v ^ S, tr p[/.m(Frob„) = Ty. 
Moreover, this representation satisfies 

(2) detp[/,m = ^Ep, 

(3) for v\p and a e G„, trp(a) = ^Pepix^^^-Ha) + x'^,ti'^)- 

Proof. Take an algebraic weight k and a > 1 such that U (A^)^ acts on VFk(C') by and such that 
for any t G {D(g)F A^)^, (C/(p"'")(A^)^ n t-^D'^t)/F'' = 1. Then m is the puUback of a non-Eisenstein 
maximal ideal of T^°^(t7(p'^''^), O). Let 

\:T^:°^^{U{p'^n.OU^% 

by an O-algebra morphism corresponding to an eigenform /. and let pf denote the corresponding represen- 
tation as in 12.4.21 Since tr pA(Frob^,) = A(T„), for every v ^ S, the injection 

Ti%iuip'^n,ou^Y[%, 
f 

c.f. 12.2.31 implies there is a is a pseudo-representation 

with ra(Frobt,) = Ty for every v ^ S. We also get a pseudo- representation 

rb:GF,s ~^T^^^,{Uip''-''),0)m 

for every b > a, such that 




Tl%{U{p-^-),OU 

commutes. We then get a pseudo representation 

r = : Gf.s — > T^,{U)m, 

b>a 
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such that r(Frobt,) = Ty for any v ^ S. Since r modulo m is the trace of an absolutely irreducible represen- 
tation, namely Ji^ , a theorem of Nyssen and Rouqier [N] , jR2| , implies that r is the trace of a representation 

Pu,m 

: Gf,s GL2{T^{U)m), 

and a theorem of Carayol |C2| implies this representation is unique. To see (2) and (3), note that the 
specialization of pu.m at any arithmetic prime satisfies the corresponding properties, hence so does pu,m by 
Zariski density of arithmetic primes, cf. I2.3.11[ and reducedness of T^{U)m- D 

Corollary 2.4.5. Let S' be any finite set of places of F containing S. Then there exist finite places 
vi,. . . ,Vk i S' such that T^(C/)m = K[Ul)[Ty^,. . . , T^J [r^J„|p. 

Proof. Let p. denote the prime to p-torsion subgroup of Up. By definition, T^(C/) is generated over A{Up) 
by the the operators Ty for v ^ S, Tro„ for v\p, as well as (y) for y & fJ.. As we have assumed E contains all 
embeddings Fy — >■ Q^, the projection T^{U) — > T^,{U)m sends each (y) with y E fi, to elements of O. The 
corollary then follow from 12.3.41 12.4.41 and Chebotarcv density. □ 

2.4.6. Let m be a non-Eisenstein maximal ideal of T^([/), and denote by 

: Gf^s GL2(F) 

the corresponding F representation. For v\p, let Gf^{p) be the maximal abelian pro-p quotient of G„. 
Let K{Gy) = 0[[Gf'{p)]], and let A(G'p) = ®y\pK{Gy). Via local class field theory, we identify with 
Y{y\plv'°{p), where if'ip) is the inertia subgroup of Gf'{2). Then K{Ul) is a subalgebra of A(G'p), and 
A(Gp) is isomorphic to a power series over h.{Up) in |{w|p}| variables. Recall that for each v\p, we have a 
T^(C/)m-valued character Xv^^m of ^^^^ sends Wy to T^^. Hence, the A(Z//p)-algcbra structure on T^(C/)m 
extends to a A(Gp)-algebra structure. Fix an O-valued character 77 = {riy)y\p of the torsion subgroup of 
Up (equivalently a character of the torsion subgroup of Y\v\p^v^{p))- The character r] determines minimal 
primes of A{Up) and A(Gp), each of which denote by q^. Wc set A{Up,r]) ~ A{Up)/q.,,, K{Gp,rj) — A(Gp)/q^ 
and T^{U,ri)m = T^{U)m/%- 

After enlarging O, if necessary, we may assume that all eigenvalues of p^^ are defined over F. Let Rf.s 
denote the universal deformation ring for GF,s-dcforniations of 'p^, as in 11.61 Bv 12.4.41 there is a local O- 
algebra morphism Rf,s T^^{U)m- We then get a local A(Gp)-algebra morphism RF^s®A{Gp) — > T,/,(J7)m, 
which is surjective bv 12.4.51 Let Rf_s denote the quotient of RF,s®A{Gp) defined in 11.6.51 fwith fi'm- = 0). 
Recall that for a finite extension E' / E with ring of integers C, a local O-algebra morphism RF^s®h.{Gp) — > 

C factors through i?^ g if and only if the corresponding deformation Vq' and characters {Xv)v\p satisfy the 
following 

- det Vb' = i^^p] 

- for each v\p, there is a G„-stable line L in Vo' such that Gy acts on Vc /L via x«; 

- for each v\p, the restriction of Xv to the torsion subgroup of Gy^{p) is equal to ijy; 

- for each u e S, Vci'|g„ is an extension of jy by jyep. 

Proposition 2.4.7. Let m and R^p g be as above and assume E' = E. The A{Gp)-algebra morphism 
Rf,s®A{Gp) T^([/, ?y)m factors through Rp.s- 

Proof. Let p be an arithmetic prime of T,p{U,ri)m. The pushforward of the representation in 12.4.41 to 
T^, (J7, ?7)m/p is an integral model for some pf as in 12.4.21 Bv l2.4.2l the map 

Rf,s^A{Gp) ^ T^{U,7j)m T^(C/,77),n/p 

factors through It^ g. The result now follows from the Zariski density of arithmetic primes, cf. 12.3.111 and 
the fact that T^([/, 77)^ is reduced. □ 

2.5. Auxiliary primes and freeness. We keep the notations and assumptions of the previous subsections. 
In particular, D is a totally definite quaternion algebra with centre F. J7 is a (E' C E)-open subgroup of 
{D <»F A^)"", -0 : -F''\(A^)^ ^ is a continuous character such that ^j{z) = z^-^^-^w J7 n (A^)^ 
for some algebraic weight (k, w) , and S denotes the finite set of places at which either D is ramified, 
Uy ^ GL2(0_F„), v\p, or v\oo. 
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2.5.1. Fix a finite place w ^ S, and let U' be the open subgroup of U such that U'^ ^ \i v ^ w and 
Uw = Iw(w). Given a > 0, we define a map 

r : S2,t,{U{p'-"),EIOf S,_.t{U'{p"-"),EIO) 

This map is equivariant for all Hecke operators outside w, and induces a map on the nearly ordinary 
subspaces, which we also denote by We then set 

a>l 

and : S,p{U') S^{UY is its Pontryagin dual. These are both maps of A(Z//p)-modules and respect the 
action of Ty lov v <^ SU {w}, and T^^ for v\p. 

Lemma 2.5.2. Let m he a non-Eisenstein maximal ideal ofT^{U) and denote its pullback to T^{U') also 
by m. The localization of at m, S^,(U')m — > S^{U)'^^, is surjective. 

Proof. It suffices to show that 

C : S^^4U{p^),E/0)l S^°4U'{p°°),E/OU 

is injective. For this it suffices to show that for any a > r > 1, that 

is injective. If {f,g) belongs to the kernel of 

then / is invariant under [/(p°'°)SL2(i^t„). Letting {D (E)f ^^)'^ denote the subgroup of elements of reduced 
norm 1, strong approximation implies that / is invariant under {D <S^f A'p')^, hence / factors through the 
reduced norm and is not in the support of m, since m is non-Eisenstein. □ 

For the remainder of this subsection fix p g SpecT^([/) contained in a non-Eisenstein maximal ideal m, 
and denote by pp the G_F_5-representation into GL2(T^(f7)m/p) induced from l2.4.H Note that this implies 
is unramified at w. Denote again by p and m the pullbacks of p and m to ([/'). 

Lemma 2.5.3. Let £ Gw he some lift o/Frobt„. Let 

PU'm ■ Gf > GL2(T.0(J7')m) 

he as in \2.4-4\ O'^d let y ~ (ti pw ,m{o'iv))'^ — + Nm(u'))^. 

We have y(ker^^) ~ 0. Moreover, if p G p, Nm(u) = 1 (mod p), and pp(Frobm) has distinct eigenvalues, 
then y ^ p. 

Proof. Take a > 1 and an algebraic weight k such that 

- (C/(p"'")(A^)^ nt-^D''t)/F'' = 1 for all t e (D^f A^)^; 

- the action of [/(p"-") n (A^)^ on W^{0) is given by V'"^ 

- m is the pullback of a maximal ideal of Tk,i/,(J7(p°'°), O) under the projection of 12.3.10] 
For A an O-module, let 

We know that coker(^"— ) has a basis {fi} consisting of eigenforms which are new at v. Letting p/. denote 
the Galois representation associated to fi, local-global compatibility, cf. |C1| . implies that 

I ^ f ^pXi * \ 
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where Xi is an unramified character of such that xf = V'Ig™ • The eigenform /j defines an C-algebra mor- 
phism T^°^(C/'(p'' ''), 0)m Qp such that, preconiposing with the projection T^,{U') Tl°^{U' {p'''''),0)m, 




commutes. In particular, the image of (tr P[/' ,t,(ct^))^ under this map is '!/'(^^«;)(l+Nm(w))^, and j/(coker(^" ^ )) 
0. Hence, y(coker(^^ = 0. 

If V is any (S' C I])-open subgroup with {V{Af)'' t-^D''t)/F'' = 1 for all t e {D (g)F A^)^, we have 
S^.i^iy, E) = Si^^^,{V, O) ®o E and 5*^,0(1^, E/O) = S^^^,(y, O) ®o E/O, and so there is a natrual surjection 
S'K,ip{V, E) — > Sk,^^{V, E/O). This yields a Hecke-equivariant commutative diagram 

S::4Uip-^-),E)l^^S^^iU'ip-^-),EU -coker(e,,) -0 

S:^'^iU{p-^%E/0)i^-^S-°4U'{p-n,E/0U -coker(e-^/o) -0 

with exact rows. Since the first two vertical maps are surjections, so is the third and we deduce that 
2;(coker(e^ = 0. 

Then, ?/(coker(lin^^ ^^(^)) = 0. Noting that S,";^ ^/o ~ ^r>i^Km"'7C' ^^'^ using the ismorphism of 
12.3.71 ^ = lii^^ ^^Q. In particular, y(coker(^)) = 0. By exactness of Pontryagin duality, y(ker(^^)) = 0. 

Assume p € p, Nm(w) = 1 (mod p), and y G p. Then, since pu,m is unramified at w and tr pi/.tnic) ~ T^, 
our assumptions imply — Aijjiww) e p. The characteristic polynomial of pp{Fmhw) is — TwX + 
■!/)(Frobuj)Nm(ii) = — T^X + tp{u7w), which does not have distinct roots if = Aip{zuw) modulo p. □ 

2.5.4. Let Q be a finite set of primes of F disjoint from S such that Nm(?ii) = 1 (mod p) for each w € Q. 
For each w £ Q, let kyj denote the residue field of F^ and let A„, be the maximal p-power quotient of k^. 
Set Aq = Oujgq Define an open subgroup U' of C/ by C/^ J7i, if w ^ Q, and U!^ = \w{w) for w £ Q. 
We then define an open subgroup Uq of U' by 

J7q = |^^ ^^eC/': awd~^ 1 in for each w e Q 

Lemma 2.5.5. Let Q be as above. Let a > 1 be such that (C/(p°'°)(A^)^ n t-^D''t)/F'' = 1 for all 
t £ {D ®F A^)^, and such that there is an algebraic weight n with U{p"''"') H (A^)^ acting on Wk.{0) via 

S^{JJq) is a free A(Up)[AQ]-module and the natural surjection Sji,{Uq) — ?> S^{U') has kernel 0qS'^([/q), 
where ag is the Aq- augmentation ideal of A{Up)[Aq]. In particular the A{Up)[AQ]-rank of S^{Uq) is eqaul 
to the A{U^)-rank of S^,{U'). 

Proof. Let k and a > 1 be as in the statement of the lemma. Take b > a. Applying 12.1.81 to the groups 
[/'(pa,a-) g JJ' (/■&), U' {p''''') C ?7q(/'^) and U' {p''^'') C Uq{p^^^), we deduce that S^^^{U'{p^^^),E/OY and 
Sk,iIi[Uq{p^'''),E /Oy are free over 0[Ua/Ub] and 0[Ua/Ub][AQ], respectively and that the natural surjection 

S.MUQ{p''^''),E/Oy S,^^{U'{p''^''),E/Or 

induces an isomorphism of Si.,^^{U' {p''^''), E /Oy with the Aq coinvariants of S^,^^{UQ(jf'^^),E/OY . Apply- 
ing Hida's idempotent and passing to the limit over b > a gives the result. □ 

Lemma 2.5.6. Let w £ Q, and let be a generator of the p-part of the tame inertia subgroup of 1^. Note 
that under — > Op — )- fc^ — )- A^, given by class field theory, is mapped to a generator Sw of A^,. 
If m is a non-Eisenstein maximal ideal of T^(Uq), and puQ,m denotes the representation in \2.4.4\ then 
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Proof. Let A : T^([/Q)m — > Qp denote an arithmetic point. By the definition of {Uq)v, the automorphic 
representation associated to A via Jacquet-Langlands is not cuspidal at w. Local global compatibility then 
shows that tr px{(Jw) = X{5w + The result now follows from Zariski density of arithmetic points and 

the fact that T^(J7q) is reduced. □ 

Finally, we will need a lemma describing certain twists of {U) by characters of order 2, as in jKW| §7.5] . 
Let Fq be the maximal p-power order abelian extension of F that is unramified outside Q and split at all 
primes in S. Let G*q{0) be the set of characters Gal(Fg/i^) that reduce to the trivial character modulo 

mo. Since S contains all infinite places and Fq is split at all places in 5, we can view any x G G*q{0) as a 
character of (A^ )'^. The following lemma is a slight variant of [KWl Proposition 7.6]. 

Lemma 2.5.7. Assume p ~ 2 and let Gq 2(0) be the 2-torsion of Gq{0). There is an action (j) t-^ (j)^ of 
Gq2(C) on S^{Uq) such that 

- for any v SUQ, Tu(f>x = x{'^v){Tycj))^, 

- for any v\2, T^^,<Px = x{'^v){T^A)x' 

- for any y £ Up, {yY^cj,^ = x(y)((y)"»x- 

Proof. Take a > r > 1. For x £ G*q ^i^) and / e S'2,^(?7q(p'''"), O/m^), we define 

f^:D^\{D®FK'^r/UQ{p'^n^O/m^o 
by fxid) ~ f{9)x{'^D{g)), where I'd is the reduced norm of D. Note that for any z S (A^)^, x{'^d{z)) = 
~ 1, since x has order 2. Since Fg is unramified outside Q and split at all places in S, for any 

xivD{g)) = n xi^Diu^))- 

For each w E Q and G {Uq{p°"'°'))w , the definition of {Uq) ui implies that the image of i^d{uw) = det(Mu,) 
in fc,^ is a square. Since x has order two and the places in Q have odd residual characteristic, we get 

X{M9))= n x(detK))-l. 
weQ 

So, /xG52,^(C/(p°'°),0/m-o). 

The definition of the operators Ty, Tct„, and (?/)"° as (normalized) double coset operators together with 
the fact that for any h G UQ{p°"°')gUQ{p°"°'), we have xi'^oih)) = x(i^d(.9)), imply 
(i) for any v SUQ, T^f^ = x{'^v){Tvf)x, 
(u) for any v\2, T^J^ = x{'^v){T^J)x^ 
(iii) for any y G Up., {y^^f^ = x(2/)((2/)"°/)x- 
Since any x S G*q 2(0) has order at most 2. (ii) gives T^fx = {Tpf )x- the G*q 2(C')-action commutes 
with Hida's idcmpotcnt and we have an induced action on 

^2,;(C^Qb""),(^/m^o) = S^^{UQ{p'^^'^),ra-J/0), 

and on 

S^%{UQ{pn,E/0) = lin^liin52",;(C/Q(p°'°),mo70). 

r a 

Letting Gq 2(C) act on 

S^{UQ)^S^^%,{UQ{pn.E/OY 
by </) H> 0;^, where (j)^ is the function <f>xif) ~ 't'ifx) gives the result. □ 

3. Galois Cohomology and Auxiliary Primes 

Crucial to the patching method is the existence of so called Taylor- Wiles primes or auxiliary primes. The 
proof of their existence is the main result of this subsection. 

The first subsection uses some of the lemmas proved in m.7\ together with a result of Pink to prove that 
certain non-dihedral deformations to characteristic p local fields have open image (up to finite index subfields). 
Using this, we then (mostly) compute the cohomology of the image acting on the adjoint representation. 
The results in the first subsection allows us to do this by explicit cocycle computation. 
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In the second subsection, we use the result from the previous one to show the existence of auxihary primes 
analogous to those in |KW[ Lemma 5.10]. As in jSWli §6], some care has to be taken. In particular, it is 
not sufficient to compute the cohomology with coefficients in our local field, we must do the computations 
integrally, and we must make sure that the size of the torsion subgroups do not depend on the auxiliary 
primes chosen. This is due to the fact that when performing the patching in 21 must consider finite 
quotients of our universal deformation ring and Hecke modules. In order to ensure that the limits of the 
resulting projective systems have the correct rank, we must ensure that the alluded to torsion subgroups do 
not grow. It is because of this that wc must be careful to control ensure all error terms stay bounded in this 
subsection. 

We recall and introduce some notation and assumptions that will be used throughout this section. F C Q 
is a totally real number field and Gp = Gal(Q/i^). For any extension M/F inside Q, let Gm = Gal(Q/M). 
Let if be a characteristic 2 local field with ring of integers A and residue field F. Let q denote the cardinality 
of F. Let m denote the maximal ideal of A and let nj be a fixed choice of uniformizer. Fix an algebraic 
closure K oi K. 

We fix a continuous p : Gp ^ GL2(A) satisfying: 
Al p unramified outside a finite set of places S; 
A2 p is not dihedral and imp — > GL2(F) has nontrivial kernel; 
A3 det p is finite order; 

A4 the image of p contains a non-trivial unipotent element. 

A5 if p is L-dihedral, there is some tq € Gp \ Gl such that p{to) has distinct infinite order A-rational 
eigenvalues. 

Let V denote the free rank two A module on which G acts via p. Let Ad denote the space of endomorphisms 
of V with the adjoint action of Gi;-, and Z its centre. For any A-algebra R (in particular K, K, F) wc set 
Vr — V (E)A R, Adij = Ad R, and Zpi = Z (E)a R- For m > 1 we also write, for notational convenience, 
Ad„i and for Ad^/m'^ — Ad/m'"Ad and Zj^/-^^ = Z/m™Z, respectively. 

3.1. The image. The main result of this subsection is to establish an openness result. [3.1.21 on the image 
of a representation p satisfying our assumptions A1-A4, and then to compute (imp, Ad). Set Q = imp 
and = G <^ SL2(V^). Bv ll.7.4[ we know that G^ is Zariski dense in SL2/K- 

Lemma 3.1.1. Let T be a Zariski dense compact subgroup ofSh2{K). Then there is a subfield Kq of K 
with K/Kq finite and a quaternion algebra D over Kq, split over K, such that if denotes the algebraic 
group over Kq defined by the norm one elements of D, there is an isomorphism (p : K — > SL2/K 

with r C ip[D^{KQy) and such that both (p~^(V) and i^~^([r,r]) are open in D^{Kq). 

Proof. Note that the openness of <^^^([r, F]) implies that of (^~^(F). 

Applying jP] Theorem 0.2] to the image of F in PGL2(-fir), there is a finite index subfield of K, an 
absolutely simple adjoint group H over Kq, and an isogeny ip : H Xk,, K ^ PGL2/X with nonvanishing 
derivative such that F C ip{H{Ko)) and the associated isogeny cp : H x K — > SL2/K of simply connected 
covers maps an open subgroup of H{Kq) onto [F,F]. 

Since PGL2 does not admit nonstandard isogenics and the derivative of (p is nonzero, Lp is a, central isogeny. 
Since H is adjoint, Lp and ip arc isomorphisms. As all A'o forms of SL2//^ are inner, H is the algebraic group 
defined by the norm one elements of some quaternion algebra D defined over that splits over K. □ 

Proposition 3.1.2. There is a finite index subfield Kq C K and and g G GL2(/\) such that both gG^g^^ 
and g[G^ ,G^]g^^ are open in SL2(A'o). 

Proof. Since G^ is Zariski dense in SL2/K by ll.7.4[ wc can apply [37l.ll Let D and cp be as in 13.1.11 By 
assumption A4, G^ contains a non-trivial unipotent element, so D splits over Kq. The lemma now follows 
from the fact that SL2 does not have outer automorphisms. □ 

3.1.3. Let Kq be as in Proposition 13 . 1 .21 Denote by Aq it's ring of integers, mo its maximal ideal and wq 
a choice of uniformizer. Let e be the ramification index of K/Kq. The main goal of this subsection is to 
describe the cohomology group iJ^(F, Ad) for F an open subgroup oi G ^ We first record an easy 

lemma. 

Lemma 3.1.4. Let T be a Zariski dense compact subgroup o/SL2(A). Then (Ad/Z)^ = {0}. 
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Proof. Take X G Ad such that the image of X in Ad/Z is F-iiivariant. Let W = KX + Zk C Ad/^, and let 
N be the kernel of F — Aut(H^). Then X is an endomorphism of Vk that commutes with the action of N. 
Since C Z C is a F-stable filtration of W and dim/^ VF < 2, F/iV is solvable. This together with the 
Zariski density of F implies N is Zariski dense; hence, X €z Z . □ 

Ideally one would want a proposition similar to |SW11 Lemma 6.9], which in our context would be to 
prove that iJ"'^(F, Ad) is finite (they arc actually more precise and consider not only the splitting field of 
imp, but also ajoincd all p-powcr roots of unity). This is not true in our case because of the presence of 
the centre in Ad and the fact that if p is dihedral, the image of p is pro-solvable. For example, if p is 
dihedral and L denotes the unique field from which p is induced (it is unique since p = 2), then we have 
an A-module of rank one inside H^{G, Z) given by the surjection Q — > Gal{L/F) composed with the map 
sending the nontrivial element of Gal(i/i^) to any nonzero element in Z. It seems likely that the natural 
map H^{G, Z) — > H^{Q, Ad), which is injective bv l3.1.41 is surjective. We do not prove this, but we describe 
the cokcrncl (if it exists) in enough detail for our purposes in ^3.2\ 

Lemma 3.1.5. Let F be an open subgroup of Q. The A rank o/ coker(_ff^(F, Z) — > _ff^(F,Ad)) is at most 
one. Moreover, if it is one there is a positive integer Nq depending only on F such that i/ 7 G _ff^(F, Ad) 
maps to a non-torsion element of this cokernel, there is a cocycle k : F — > Ad representing w^^'j such that 
for infinitely many g € T with distinct A-rational eigenvalues, K{g) Cz Z \ {0} 

Proof Identify Ad with M2x2{A) using our fixed basis. Let g e GL2(A') be as in 13.1.21 Set F' = gTg~^ 
and Ad' = gAd C M2x2(A')- We have isomorphisms H^V , Z) = H\T,Z) and H\r\Ad') ^ H^(T, Ad) 
compatible with the maps H^{T, Z) H^iT, Ad) and H^(T', Z) H^(T', Ad'). So, it suffices to prove the 
proposition for iJ^(F', Z) and i?^(F', Ad'). Since Ad' is open compact in M2x2iK), there is / > such that 
i37'M2x2(^) ^ Ad' C tu^'M2x2(^)- For k > 1, let Jk be the principal congruence subgroup of level k in 
SL2(Ao), i.e. Jfe = (/ + n7§M2x2(^o)) H SL2(/<o)- Bv 13.1.21 F' contains an open subgroup of the form Jk 
for some k. Set A^o — 3A:e + 4L We will show that for any 7 e H^{T', Ad') there is a cocycle k representing 
w^°^ such that, letting k' : F ^ Ad' /Z denote the cocycle obtained by composing k with the projection 
Ad' — > Ad'/Z, the restriction ^'Ija^ is uniquely determined by some b & A and that 

- if 6 = 0, then ^173^ G Z] 

- if 6 7^ 0, then there are infinitely many diagonal g Cz Jk with K(g) G Z \ {0}. 

To see that this implies the lemma, let N be an open normal subgroup of F' contained in J^k ■ Since is 
open in F' it is Zariski dense in SL2/ki so is g~^Ng, where g G GL2{K) is as above. Then 1X1741 implies 
(Ad'/Z)^ = (Ad/Z)9"'^ff = {0}. By inflation-restriction, this implies H'^{T\ Ad' /Z) H^N, Ad' /Z) is 
injective. Since the map ^^(F', Ad') H^{N, Ad' /Z) factors as 

i/i(F', Ad') — > i/i(F', Ad'/Z) — > H\j3k, Ad' /Z) — > H\N, Ad' /Z), 

we have 

ker(i/i(F', Ad') — > H^J^k, Ad' /Z)) = kcr(i7i(F', Ad') H\r',Ad'/Z)) 

^ H\r',Z). 

The remainder of the proof will comprise of some somewhat laborious cocycle computations using relations 
between elements in SL2(A'o). We first introduce some notation. For a G 1 + mg and a; G mg set 

),«+(x)=(^ ^ iyu-{x)=(^i 

and define the subgroups 

Tk = {tia) G Jk}, U+ - {u+ix) G Jk}, = {u-ix) G Jk}. 
Fix 7 G H^{T, Ad'), with ki : F — !• Ad' a cocycle representing 7. Take t(a), t{(3) G Tk and write 

^(s t )"■"■■««' ^ ( t)^ 

Then using t{a)t{(3) = t{(3)t{a) and the cocycle relation, we find that 
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(11) [a" - l)hp = (/32 _ 1)6, and (a'^ - \)cp = (/^-^ - l)c„. 

Now assume /? S (1 + m^) \ (1 + mo^"^). Since Ad' C n7"'M2x2(-4) wc have bp.cp G m~'. Then, letting 



X = 



1-/32 0/3 



we have X g n7'M2x2(^) ^ Ad' and we can define a cocycle K2 : F — > Ad' by 

This cocycle represents the cohomology class n7^'^'^+^'7 and K2(t(/3)) is diagonal Using pT|) we see that 



a 



(12) K2(t(a)) e 

for ah t{a) e Tfc. 

Before proceeding wc prove a sub-lemma. 

Lemma 3.1.6. Let k' : Jk — > Ad' be a 1-cocyle and let g = i ^ ^ ) G Jk have order two. Then 



y w 



with xc = yb. 



a b 
c a 



Proof. First note that our assumptions on g and Jk imphy w and at least one of x, y are non-zero. Since g 
has order two, the cocycle relation implies gn'{g) = n'{g). This yields equations 

(13) w^a + wyb + wxc -f xyd — a 

(14) wxa + ur'b + x^c + wxd = b 

(15) wya + y'^b + w^c + wyd ~ c 

(16) xya + wyb + wxc + w^d = d 
Using w"^ = 1 + xy, equations ([T^ and both become 

(17) a;y(a + d) + w(a:c + yfe) = 0, 
equation (fT4|) becomes 



(18) wx{a + d) + x{xc + yb) ^ 0, 
and equation ([15]) becomes 

(19) wy(a d) + y{xc + yb) = 0. 

If a; = 0, then (fT7|) implies 6 = and implies a ^ d. If x 7^ 0, then implies xc + by = w{a + d). 
Substituting this into (|17p we have (w^ -I- xy){a + d) = 0, i.e. a ^ d. Equation (|17[) then implies xc = yb. 

□ 

Bv l3.1.6l we can write 

Let u = w'^tuq'^ e y4^. Since Ad' C n7"'M2x2(-4), 6 e m"'. So, letting 

u'^zu'^^b 



X 
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we have X G n7'M2x2(^) Q Ad'. We can then define a cocycle k : F — > Ad' by 

The cocycle k represents the cohomology class tz7'^''''^+^'7 = n7^"7 and an easy computation shows (wq )) G 
Z. Note that since every t{a) G Tk commutes with X, K(t(a)) = ci7*''^"'"^'K2(i(a)) is diagonal for every 
t(a) G Tfe, by (HI]). Applying [3X1] to we have 

(20) n{u+{x)) = ) and At(u-(x)) = 

with h^k = 0. We will now show that the restriction of this cocycle to Jy,k is uniquely determined modulo 
Z by the value b„h+i. 

First we'll show that for any a G nxo, writing 



K[t[a)) 



da 



we have Ua ~ da, and that for any x G ttIq, writing k{u^{x)) and k{u^{x)) as in (|20p . we have 5^; = 
Cx- This will be shown simultaneously by setting a ~ I + x and considering the relation u'^{x)u~(x) ~ 
t{a)u~ {x)u'^ {x)t{a). 

Let g = u+(x)u^(a;) = f(a)M^(x)u+(a::)i(a). Applying the cocycle relation to w+(x)u^(x) we have 
Applying the cocycle relation to t{a)u^ {x)u^ {x)t{a) we have 



dx + dx + xbx + X {tta + da) Oi + a x{aa + da) 



Ot '^{Cx + X^bx) + x{aa + (ict) fla: + da; + xb^; + (flc + dc) 

We may assume x 7^ 0; so, comparing top left entries, 

(21) Cx ^bx + x{aa+ da). 
Comparing top right entries and using (|2ip 

bx + x^Cx = a^{bx + x{aa + da)) 

= C?Cx = (1 + X^)Cx. 

Hence, bx = Cx, and (|2ip gives — da- 

We use the following notation in what follows. For a G 1 + hIq and x G mQ write 

(22) .(t(«))=(«" ^J, «(.nx))=(^^ ll), ^iu-ix))^[ll 

Since = U^TkU^ , k is uniquely determined modulo Z by the values bx, for a; G itIq. I claim that the 
values bx for x G mg*^ are uniquely determined by b^k+i. 

First we establish some easy relations. For any x G tiXq, Ujt act trivially on k(w+(x)) and acts trivially 
on k{u^{x)). Hence, for any x,y £ iTig we have 

(23) bx-\-y — bx by, Ojx+y — G'x ^yi dx-\-y — dx 4~ dy. 

Let a G 1 + mg and x G trig. Using u'^ia^x) = t{a)u^ {x)t{a)''^ and the cocycle relation we find 



Hi{u^[a'^x)) 

and similarly for u^{a'^x). So 



a bx 

CLx 
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(24) ba2^ = a a^^x = a^, d^^^ = d^. 

Now, if y G ttiq, setting a = 1 + y and applyng ([23]) and ([24]) to u^ly^x) = {x)u^ {a^ x) we have 

(25) hy2.x = y^bx, a.y'^^ = 0, dy2.x = 0. 

Let Fq denote the resdiue field of Aq. Take z G Fq and n > 3fc. Let y/z denote the unique element of Fq 
such that (v^)^ = z. If A: and n have the same parity, then setting y ~ y/zzuQ ^ e itIq in (|25|) gives 



= zTOo = 0. 



If k and n have different parity then, setting y ~ \fzvj^^ ^ G m-o in (|25p gives 



Combining these two equations with (j23p we know the value of for any a; e rrig*'' of the form x = 
-^sfe^o'^ + • • • Zn^o with Z3fc, . . . , G Fq. For arbitrary x £ Tno*^ the value is then determined by the 
continuity of k. 

It only remains to show that if b^k+i ^ 0, then there are infinitely many g £ with K{g) e Z \ {0}. 
Take x,y & uIq and set a — I + xy. We have the relation 

{y)u^ {x) = {a^^ x)u'^ {ay)t{a) . 

The cocycle relation gives 



K{u^{y)u (x)) 

and 



fly + dx + ybx by + y^x 
bx ay + dx+ ybx 



d — ^X I Xb Q^y 



niu-ia-'x)u+{ay)tia))^( + ^ 

which, by comparing the diagonal entries, gives 

(26) ay + dx + ybx = Oq + a^j, + d^-ix + a^^xbay 
Using (1121), (HH) and (gH), we see 

^ay — ^y+y^x — ^ y ^ay ^y+y'-^x — ^y: d^-lx — d^x dx-^-y^x — dx ■ 

So, (HH) becomes 

aa = ybx - a~^x{by + y'^bx) 

(27) ^a~^{ybx-xby). 

Let n be an odd integer such that n — fc — 1 > 3fc. Since n — fc — 1 has the same parity as k we know 
b^n-k-i = 0, and, putting x — vJq^^ and y = vd'^~^~^ in (|27p . we have 

ai+raj = (1 + Ti7jJ-)"itUo~''"^6^fc+i, 
which is zero if and only if b^k+i is. In particular, if b^k+i ^ then there are infinitely many n such that 

K(t(i + wjf)) e Z\{0}. " " □ 

3.2. Auxiliary Primes. We now use the results in the previous subsection to prove the existence of auxiliary 
primes similar to |KWI Lemma 5.10]. 
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3.2.1. For each n > 1, let Fn = F{^2")- Let Q(/i2")^ denote the maximal totally real subfield of Q(/X2") 
and let uq be the largest mteger n> 2 such that Q(//2")^ ^ F. For each n > 1 let C„ be a primitive 2"-th 
root of unity such that (^'^_^_-^ = („. Let x„ = i(C,i + C7^) and 2/„ = i(a;" + l). For n > no let F„ = Fn{yn^ ), 
?;„ G denote the image of ?/„o, and a;„ G H^{Gf, be the image of y„ under the Kummer 

map. 

Lemma 3.2.2. Let n > no. We have 

(1) Fng^yl/g'^) is a dihedral extension of F of degree 8; 

(2) the extension Fn/ Fn is cyclic of degree 2"~^, and its cyclic suhextension of degree 2 is _F'„(yi{^); 

(3) iOn G H^{Gf,St 1^2^), o.'f^d its order is divisible by 2"~^; 

(4) any quadratic subextension of Fn/F is contained in Fn; 

Proof. Parts (1), (2) and (3) are proved in jKW| Lemmas 5.8, 5.9]. Part (4) is a consequence of the first 
two. Indeed, if M/ F is a quadratic subextension of Fn/F, we have either MFn = Fn or MFn = Fniyni^), 
by part 2. Since MFn/F is abelian, part (1) implies MF„ = Fn. □ 

For any n > 1. let 5„, resp. Sn, denote the places above S in F„, resp. F„. 
Lemma 3.2.3. For any n > n^, 

ker(i/i(Gf,5, Ad) ^ H\G p^^ ^^, Ad)) = keiiH\GF,s, M) -> i7i(GF„^^,,s„„+i, Ad)) - A\ 

Proof Let 7 e ker(if^(G_F_s, Ad) ^ ^^i^P^ s„'^'i))' '^^^ 1"^* 7^^^ denote the image of 7 in i?^(G_F„,5„, Ad). 
Since Fn/Fn is Galois and Ad''*'" = Z, we see that jp^ G iJ^(Gal(F„/i^„), Z) by inflation-restriction. 
Since the map iJ^(Gal(F„/i^„), Z) ^ i7^(Gi?„, Ad) factors through H^{Gf„, Z), maps to zero in 
H^[G F„,s„, Ad/ Z). The commutative diagram 

H\Gf,s,Z) ^i/i(GF,s, Ad) ^H\Gf.,s,AA/Z) 



H\Gf„,s„,Z) ^i/i(GF„,5„,Ad) ^i7i(Gf„,s„, Ad/Z), 

implies that the image of 7 in H^{Gf,s, Ad/Z) restricts to zero in H^{GF„,s„,Ad/Z). Bv l3.1.4[ (Ad/Z)'^^" = 
0, and so the inflation restriction exact sequence implies H^{GF,s,Ad/Z) — > H^{Gf„,s„, Ad/Z) is injective 
and the image of 7 in H^{Gf,s, Ad/Z) is zero. Hence, 7 is in the image of H^{Gf,s, Z). Then 7 is a 
homomorphism from Gf^^g to Z that is trivial on G g . Part (4) of 13.2.21 implies that 7 is trivial on 

GF„,SnJ and we have 

ker(i/i (Gf^5, Ad) ^ i/i(G^^ s,^, Ad)) = ker(iJi(GF^5, Ad) ^ i/i(GF„,sJ). 
For any n > uq, Ga\{Fn/ F) is the product of Z/2Z and a cyclic 2-group. Then 
kcr(i/i(GF,s, Ad) ^ i?i(GF„,5j) = Hom(Gal(^^„/F),Z) 

= Hom(Gal(^^„„+i/F),Z) 
= ker(ifi(G^^,5, Ad) ^ ifi(Gj.„„+,,s„„^ J), 
and Hom(Gal(i^„„+i/J^), Z) ^ A^. □ 

3.2.4. We know, bv 13.1.11 that [G,G] is open in Q. By 13.1.11 again, we see that the commutator subgroup 
of the commutator subgroup of G, i.e [[^,^], [^/,^/]], is open in [G,G], hence also in G- Since Fn/Fn and 
Fn/F are both abelian extension, it follows that plop contains [[G, G], [G, G]] for all n > 1. This implies that 
there is ni, which we can assume is greater than uq, and a flnite extension M/F such that if Fp denotes the 
subflcld of Q flxed by ker p, we have Fp O Fn = M and p{Gp ) = p{Gm) for all n > ni. Set F = p{Gm). 
Since F is open in G, by 13.1.21 there is a flnite index subflcld Kq of K such that some conjugate of F is 
open in SL2(/'Sro)- Let ^0 denote the ring of integers of Kq and let zuq be a choice of uniformizer. For the 
remainder of this subsection wc flx fc > 1 such that gTg^^ contains SL2(Ao) n (/ + Wq M2{Ao)) , for some 
g e GL2(A"). Let e be the ramiflcation index of K/Kq and write mo = zuqAq. 
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Lemma 3.2.5. Let B be a T-stable subgroup o/ Ad (not necessarily an A-module). Let m > 1 be such that 
B ^ zu"^Ad. There is a non-negative integer Nq, independent of B, such that some X B satisfies either 

- val(tr X) < m + No or 

- X ^ zI + Y with val(z) < m + Na and Y e nj^i^^^+^Ad. 

Proof. Take g G GL2{K) such that T' = gTg^^ contains SL2(Ao) n (/ + n7QM2x2(^o)), with k as above. Set 
Ad' = gAd C M2x2{K) and B' = gB. Then B' is a F' stable subgroup of Ad'. There is some non-negative 
integer / such that nj^M2x2{A) Q Ad' C n7"'M2x2(^)- Set Nq = I + Ake. 
Since B % to™ Ad, there is AT <E S such that, writing 

yea 

one of a, 6, c, d is not in m"'. If val(tr X) < m + Nq we are done, so we assume otherwise. Write 

X' = gX = 



We know that val(a' + d') = val(trX') = val(trX) > to + iVo > m + L Then, if both 6', c' e m"+' we can 
write X' = a'L + Y' with Y' € ro"'+'M2x2(^) C w"'Ad'. Then X = a'L + g-^Y' and g-^Y' e ^'"Ad. Since 
X ^ n7™Ad we must have a' ^ m"' and we can take z — a' and Y ^ g^^Y' . 

Wc are left with the case that one of b',c' docs not belong to m'"+'. Assume b ^ m'"+'. Since B' is F' 
stable, B' contains 

l + TOg \f a' b' \ ( (l + TO^f)-! 



(i + TOg)-i M c' d' M i + TOo^ 



(28) 

So. S' also contains 



vjfb' 



1 A f vjIH' \ f I \ f mfb' 



ro4*^-&' 6' 



as well as 



(29) 

Then, using ([28]) again, B' contains 



wfb' 

Ak 1 „6fe\;,' _3fc^/ 



(TO^'=+n7§'=)6' tug'^fr 



1 W ^fb'\( 1 \ / TO§'=6' 



(30) 

Subtracting p9p from ((30|) we have that B' contains 

wt^b' 



VJ^'^b' 

Taking z = w^^b' , g~^{zl) ^ zl e B and val(z) = val(6') + Ake < m + I + Ake = m + A^o- The case of 
b' € m'"+' but c' <^ m'"+' is similar. □ 

Lemma 3.2.6. Let g € GL2(t^) have distinct A rational eigenvalues a, P and set w = val(a — /3). For z Cz A 
non-zero and Y G tu™'(^)+™+^Ad, if 

zL + Y e{g- l)Ad + TO™ Ad 

then m < val(z) + w. 
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Proof. Let Va denote the a eigenspace for g, e„ a generator of Va and be any element of V mapping to 
a generator of V/Va- Write ge^ = /3e^ + xca with x G A. Note a sphtting of 

14 ^ 1/ ^ 0, 

exists if and only if val(x) > val(a + /3) and so we cannot, in general, assume a; = 0. Identify Ad with 
M2x2(^) using the basis {ca, ep} of V. 

Assume there is X G Ad such that zl + Y E {g — 1)X + ti7™Ad. Set j = min{m, val(z) + w + 1}. Then 
zl-{g- l)X € ro-J Ad. Writing 



X 



a 



b 

c d 



we have 

(5-1)^ = 



X \ f a b \ f a^^ a-'^l3-'^x \ _ f a b 
p [ c d [ j[cd 



a xc * 



l)c 

Then zl — {g — l)X £ Ad implies — l)c G m-', so val(c) > j — w. Then the upper left entry 

implies z — a^^xc € m-' , so val(z) > j — w. But, j < val(z) + w implies, by definition of j, that j = m and 
m < val(z) + w. □ 

We record another lemma that will be useful below. 

Lemma 3.2.7. Let cro G Gp be such that be such that p(cro) has distinct A-rational eigenvalues ao and f3o, 
and det p{ao) = 1. Set w = val(tr/9(cr)). If a G Gp satisfies det p{cr) = 1 and It p{a) — trp((To) € m^™"'"^, 
then p(a) has distinct A-rational eigenvalues and, denoting them by a and j3, val(a — P) = val(ao — /3o)- 

Proof. Let f{t) be the characteristic polynomial of p{a), and note that val(trp(tT)) = w. Since trp(tT) — 
trp((To) e m^"', we have 

/(ao) = - trp(cr)ao + 1 = ao(trp(cro) - trp(cr)) G m^^+i = [Iy p{a)fm = /'(ao)^m. 

Then f{t) splits over A by Hensel's Lemma, cf. [H Chapter III, §4, n°5, Corollary 1 to Theorem 2]. The 
fact that val(Q; — j3) = val(Q!o — /3o) follows from the fact that, since the characteristic is two, a — /3 = tr p{a) 
and q;o — /3o = trp((To). □ 

3.2.8. We introduce some notation that will be used for the remainder of this section. Let W he a. finitely 
generated A module. We denote by Wtoi the torsion submodule of W and by Wfroc the free ^-module 

We now fix certain submodulcs of H^{Gf.s, Ad) that will be used in the proof of auxiliary primes below. 
Let Fp denote subfield of Q fixed by ker p and M = Fpf] Fm . Recall that ni was chosen so that FpCiFn = M 
for any n>ni. Let 

h = TkAH\GF,s,^d) - TkAH\G8.l{Fr,jF),Z) = rk^i/i(GF,s, Ad) - 2, 

and 

ho = TkA {im{H^ (Gf,s , Ad) ^ iJ^ {Gm , Ad) ) n H\G'A\{Fp / M) , Ad) ) . 
Set F = p{Gm)- We know by [3X5] that the A-rank of the cokernel of the map H'^{T,Z) H^{r,Ad) 
is at most one. For the remainder of this subsection wc will assume that it is one and that there is some 
7 e i/^GF^s, Ad) whose image in H^{GM,Ad) lands in H^{Gal{Fp/M),Ad) = H^{r,Ad) and maps to a 
non-torsion element in coker(iJ^(F, Z) — iJ-'^(F, Ad)). The case when every element of -ff^(GF,s, Ad) that 
lands in if^(F,Ad) maps to a torsion element of cokei{H^{T, Z) — >■ H^{r,Ad)), which includes the case 
when the cokernel is torsion, is easier as there is one fewer "type" of cohomology class to consider below 
(in particular one does not need case (b) of 13.2. 9p and it will be obvious to the reader how to adjust the 
arguments. 

We fix 1^1 C • • • C Wh of H'^{Gf,s, Ad) such that 

(1) Wi is free of rank i for each i; 

(2) Wh intersects the image of {Gal{FnJ F) , Z) trivially; 

(3) the image Who in H^{Gm, Ad) is contained in fri(Gal(i^p/Af), Ad) = i/^F, Ad); 
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(4) the image of Wh„^i in iJ^Gji/, Ad) is contained in H^{G&\{Fp/M),Z) = H\T, Z). 
We note 

- for all n > rii, the map — ^ im(iJ^ (Gi?^s, Ad) H^{Gp j ,Ad))fi.oc is injective with finite 
cokernel by (1), (2), and|M31 

- for all n > ni, the image of Who under iJ^(GF,s, Ad) ^ H^{Gp p , Ad) zero by (3); 

- for all n > rii, the map Wh/Who hn(i?i(GF,s, Ad) H^{Gp Ad)) is injective by (2), (3) and 
the definition of h^. 

There are three different types of cohomology classes we will need to consider based on whether an clement 
7 € Wh does not belongs to Who, belongs to Who but not to Who-i, or belongs to Whg-i- The main tool 
for guaranteeing the existence of auxiliary primes is the following lemma. 

Lemma 3.2.9. There are non-negative integers w and N such that 1/76 Wh and s > are such that one 
of the following hold 

(a) 7 e Wh„-i but 7 ^ w^'Who-i, 

(b) 7 G Who but 7 i m'Who + Who-i, 

(c) -liw'Wh + Who, 

then for any n > ni there is a nonempty open set U d Gp such that 

(1) for every a £U , p{a) has distinct A-rational eigenvalues a, 13 with val(a — /3) < w, and 

(2) for any cocycle k representing 7, a G U , and m> 1, if 

w^K{a) e (cr - l)Ad + n7'"Ad 

then j > m — s — N . 

Proof. We prove the three different cases (a), (b) and (c) separately in the next three sublemmas. 

Lemma 3.2.10. There are non-negative integer Wa and Na such that if "f (z Wh and s > are such that 

(c) 7 e Who-i but 7 ^ m^Who^i, 
then for any n > ui there is a nonempty open set U d Gp such that 

(1) for every a € U, p{a) has distinct A-rational eigenvalues a,/3 with val(Q! — /3) < Wa, and 

(2) for any cocycle k representing 7, cr G U , and m> 1, if 

w^K{a) e (cr - l)Ad + n7'"Ad 

then j > m ~ s — Na ■ 

Proof. If p is L-dihedral, fix tq as in assumption A5 made at the very beginning of the section, i.e. tq G 
Gf \ Gl and p{to) has distinct infinite order A-rational eigenvalues, and set Wa = val(trp(CT)). If p is not 
L-dihedral, set Wa = Q. 

The image of Who-i in "'^ (G^/ , Ad) is contained in i/^(r, Z), and we identify it with it's image. Since 
H^{T,Z) is a separated A- module (in fact it is finitely generated), there is A^i > 1 such that for any 
6 G Who-i with 5 i wWho-i, 5 i w^^H^(T,Z). et iV, = N^+Wa- 

Since Who-i ^ H^{T,Z), there is a cocyle Kq representing 7 such that kq is given by a continuous 
homomorphism Gm F — > Z. Let n>ni. We will show below that there is some CTq G G^ such that 
(i) p{(7q) has distinct A-rational eigenvalues and val(trp((T)) < Wa', 
(u) detp(cro) = 1; 

(iii) Ko(cro) ^ zl e Z with z ^ m-'+^i. 

Granting the existence of such ctq, we can define our open set U. Let U be the non-empty open subset of 
G p consisting of elements a such that 

- tr p(cr) -trp(cro) G m2"'"+i; 

- det p{a) ~ 1; 

- Ko(cr) - ko(cto) G Tu^+^^Ad. 

We first show that any element of the set U satisfies the conclusion of the lemma. Part (1) of the lemma 
follows from 13.2^71 To see that part (2) is satisfied, let k be any cocycle representing 7. Then 

w^K{a) G (o- - l)Ad + w"'Ad 
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implies 

zu^Koia) e (cr - l)Ad + w^Ad 

as K(cr) - ko{(t) e (ct - l)Ad. Then, since ko(o-) = zI + Y with val(z) < s + Ni and Y e n7™'(^)+"'''+iAd, 
13.2.61 gives j > m — s — Na- 

We now show the existence of ao G Gp satisfying (i), (ii) and (iii) above. By choice of A^i, 7 ^ 
^s+Niffi(Y^ Z) and so there is some t ec/^ such that ko{t) ^ vd'+'^^Z. 

First assume that p is non-dihedral. Then by Dickson's classification of subgroups of PGL2(F), we must 
have p{Gf) 3 SL2(F') with |F'| > 4. Since this group is simple, p(G^J 2 SL2(F'). Since Rom{p{GpJ, Z) = 
0, we can find t G ker(p|Gp ) such that ko(t) ^ nj'^+^^Z. Fix some a G Gp such that ]o((t) has distinct 
eigenvalues and determinant 1. If ko(ct) ^ •nj^^+^^Z then we set CTq = cr. Otherwise, we set ctq = err. Note 
that p(cto) = p(o'), so p(iTo) satisfies (i) and (ii), and Ko(cro) = ko(o') + kq{t) ^ TU'+^^Z, so (To satisfies (iii). 

Now we assume p is dihedral and let L denote the unique quadratic extension of F for which p is L-dihedral. 
Note that 'P{Gl) has odd order. We first assume that there is some r g Gj^p. such that ko(t) ^ tu^+^^Z. 
Then, by replacing r by r-' for j odd and sufficiently large, we can assume that r G ker(p). Let cr be any 
element of such that p(cr) has distinct eigenvalues and determinant one. If Ko(cr) ^ vo^^^^Z then 
we set CTo = cr. Otherwise, we set ctq = err. Note that p(cro) = p(cr), so p(cro) satisfies (i) and (ii) and 
Ko(cro) — Ko(cr) + Ko(r) ^ -nj^+^iZ, so erg satisfies (iii). 

Now assume that all cr G Gj^p have ko(ct) G tu^+^^Z. In particular, this implies L % Fn- Let r be 
such that Ko(r) ^ w^+^i. Then r maps to the non-trivial element of Gal(LF„/F„). Let r' G Gp be any 
other element mapping to the non-trivial element of Gal(LJ^„/F„). By assumption «;(r'r"^) G nj'^+^^Z, so 
K(r') i vj'+^-Z. Hence we may assume r = ro, where rg is the element fixed at the beginning of the proof. 
Then erg = rg satisfies (i),(ii) and (iii) above. □ 

Lemma 3.2.11. There are non-negative integers wt and Nf, such that i/ 7 G Wh and s > are such that 

(b) 7 G Wha but 7 i vj'Wh, + Wh,-i, 
then for any n> ui there is a nonempty open set U d Gp such that 

(1) for every a G U, p{a) has distinct A-rational eigenvalues a,/3 with val(a — /3) < Wb, and 

(2) for any cocycle k representing ^, a € U , and m > 1, if 

zu^K{a) G (o- - I)Ad + Tu"'Ad 

then j > m — s — Nh . 

Proof Fix 5 G H^{r,Ad) such that 5 is a generator for cokcr(i?i(r, Z) H^{r, Ad))f,cc- Bv l3X5l there 
is Ag > I and a cocycle Kg representing zu^°S such that there are infinitely many 5 G F that have distinct 
A-rational eigenvalues with KQ^g) G Z \ {0}. As [F, F] is open in F, there is some ao € Gp such that 

(i) p(ao)G [F,F], 

(ii) p(cro) has distinct A-rational eigenvalues, 

(iii) Ko(crg) G Z but ^(crg) 7^ 0. 

We now set Wb — val(tr p(cto)). Fix an element 7' of Who that maps to a generator of Who/Who-i and 
let A^i > be such that 7' — maps to a torsion element in coker(i?^(F, Z) — > H^{T, Ad)). Writing 

«^o(cro) = zl we set A^b = A^i + val(2:) + Wb + 1. 

Take n > ni and let U be the non-empty open subset of consisting of elements a such that 

- trp(CT) -trp(cro) G m^^-^+i; 

- p(a)G [F,F]; 

- Ko(ct) — Kg(crg) G tI7^''Ad. 

We now check that every a G U satisfies (1) and (2) of the Lemma. 

Part (1) follows from l3.2?71 fnote p{a) G [F,F] implies det p(cr) = 1). Now let k be a cocycle representing 
7 and let cr G U. Let m,j > 1 and be such that 



(31) 



w^K{a) G (ct - l)Ad + w"'Ad. 
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We have 7 = ru'^ 7' + 7", where 7' is as above, 7" £ Wto-i and s' < s. Let ^ > be such that m' is the 
annihilator of coker(i7^(r, Z) — > H^{r, Ad))tor- Then, by choice of / and A^i above, 

vj'j = vj''+'y + tuS" = ru^'+'+^'S + 5' 
with 6' e H\r,Z) = Hom(r'''^,Z). Equation ^ imphcs 

(32) ro^'+'+^«K(cr) e (a - l)Ad + n7™+'+^« Ad. 

Now 07^+'+^" K represents the cohomology class ti7^+'+^°7 = •ji7^+* +i+Ni+No^ _I_ ^j+Nog/^ Since kq is a 
cocyle representing (5 and S'{<t) = 0, as ct G [r,r], there is X e Ad such that 

This together with ^ yields 

(33) w^+'''+^+^'+^"Koia) e{a- l)Ad + ix7™+'+^«Ad. 
Writing Ko(cr) = zJ + F with y G tu^'Ad C ro^'t^'+i Ad, E^l] and dSS]) imply 

m + l + No < j + s' + 1 + Ni + Nq + val(z) + 

hence 

j > m — s' — [Ni + val(z) + Wb) > m — s ~ Nj,, 
which is (2) of the lemma. □ 

Lemma 3.2.12. There are non-negative integers Wc and Nc such that if "f (z Wh and s > are such that 

(c) 7 i m'Wh + Wh, 
then for any n > ui there is a nonempty open set U G Gp such that 

(1) for every a € U, p{a) has distinct A-rational eigenvalues a,/3 with val(a — /3) < Wc and 

(2) for any cocycle k representing 7, cr G U , and m> 1, if 

w'^K{a) e (o- - l)Ad + tx7™Ad 

then j > m — s — ■ 

Proof Since, for all n > ni, Wh/Wh,, injects into i7i(Gj,^^^, Ad)^^'(^f^"/'^") and p identifies Gal{FpF„/ F^,) 
with r, we have, setting F^c ~ U„>ii^„, an injection 

W/Wh, H\G^p^ , Adf = Homr(G'^j?^ , Ad), 

and we identify Wh/Who with it's image under this map. Since Homr (G^ , Ad) is separated, there is 
TVi > such that 5 ^ mWh/Who implies S ^ vj^^ H^{G ^p^, kd). We set N^^ No + Ni where Nq is as in 
We set Wc = 0. 

Since, for any two cocyles k and k' representing 7, k((t) and k'((t) differ by an element of (cr — l)Ad, it 
suffices to show (2) holds for one particular choice of cocycle representing 7. Wc will show below that there 
is some ao £ Gp and a cocycle k representing 7 such that 

(i) p((To) has distinct eigenvalues and 

(n) either tr k((To) ^ m^+^- or K{ao) = zI + Y with z ^ m^+^- and Y e n7™i(^)+iAd. 
Granting the existence of such a (Tq and k we can define U to be the non-empty open subset of consisting 
of a such that 

- p(cr) = p(cro) and 

- K{a) - K{ao) e zu'+^'' Ad. 

Any p{a) with a € U has distinct eigenvalues mod m, so a satisfies (1) by Hensel's Lemma. To see that 
the elements of U satisfy (2) of the lemma first consider the case that trK((To) ^ m*"'"^'=. Then, \i a € U 
we have Iy K{cr) ^ tn*+^'= and, since tr A" = for any AT G (ct — l)Ad, zu^ k{(j) G (cr — l)Ad + ro^Ad implies 
txj^'tr k((t) > 771 so j > m - s - Nc. Now assume K{ao) ^ zI + Y with z ^ m''+^'= and Y e 07™'^'')+^ Ad. Then 
K{cr) ^ zl + Y' with Y' G tu™"^^^"''^Ad. The eigenvalues of p{a) are distinct mod m, so 13.2.61 implies that if 
K{a) G ((T — l)Ad + 137™ Ad, then m < j + val(z), so j > m — s ~ N^.. 

It remains to show there exists some ctq € Gp and some cocycle representing 7 satisfying (i) and (ii) 
above. First let k be any cocycle representing 7. Since Foc/F is a pro-2 extension, there is a G Gp^ such 
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that p(cr) has distinct eigenvalues. By Hensel's Lemma, p{a) has distinct ^-rational eigenvalues and we 
denote them by a and /3. Since a and (3 are distinct mod m, we can find an eigenbasis of V for p(cr) and we 
identify Ad with M2x2{A) using this basis. Write 

Since a//3 — 1 and P/a — 1 are units, we can adjust k by the coboundary 

and assume 6 = c = 0. If at least one of a, d is not in 1x1"+^^ , then we have either tr k{(t) ^ a + d ^ yf^s+No qj. 

a \ f 



a 



a + d 



with a ^ nx''"'"^'= and val(a + d) > val(a). In either case we take (Tq = cr. 

Now assume that both a,d £ m'*"'"^=, i.e. k((t) S 1x7*+^" Ad. By the choice of Nq and s we know that the re- 
striction of 7 to H^{Gj^p^ , Ad)°^^('^'^~/-^) = Homr(G^j?^ , Ad) does not belong to ro^+^iHomrlG'^;^?^ , Ad). 
So K{Gpp ) is a r stable subgroup of Ad which is not contained in ro^+^^Ad. By 13.2.51 there is some 
r e Gpp Jsuch that either trK(r) ^ = m^'+^s or k{t) = zI + Y with z ^ = m''+^'= 

and Y G tn^'^^^+^Ad. Set ctq = to. Since pijo) = p{(t), cto satisfies (i). Since k((To) = '«(''') + k(o') and 
k((t) S tu^+^^Ad, (Tq satisfies (ii) by choice of r. □ 

Setting w ^ iaSiii{wa,Wb,Wc} and TV = ma.x{N„. Nh. N^}. [3X9l follows from l3.2.10l 13.2.111 and l3.2.12l □ 

3.2.13. We now apply [3?Z!9l to find our sets of auxiliary primes. Some care has to be taken in choosing these 
primes. We will need to consider Selmer groups with coefficients in Ad„i, and we need to ensure that the dual 
Selmer groups have size g^™, asymptotically in m. To this end, given a cohomology class 7 € H^{Gf,s, Ad), 
we not only need to find a prime v of F such that the image of 7 is non-torsion in (Gy , Ad) , but we need 
to ensure that it does not lie too "deep" in iJ-^(G„, Ad). The way we make sure the cohomology class does 
not lie too "deep" in H^{Gv, Ad) is by using property (2) of 13.2.91 There is a complication that arises here. 
In order to use property (2) effectively we need to make sure the value of s in the assumption of the lemma 
stays bounded. 

Let us elaborate here. We remarked above that we require the dual Selmer groups with coefficients in 
Ad„i to have size asymptotic to g^™. But, we also need to ensure that the error term in the asymptotic is 
bounded in a way that does not depend on the choice of primes. The way one usually constructs auxiliary 
primes, and the way we will do it here, is inductively. One first chooses a cohomology class 7 £ H^{Gf,s, Ad) 
and then finds a prime vi that kills 7. Then we take 72 that lives in the dual Selmer group for the Selmer 
structure given by the single prime {vi} and find a prime {V2} that kills 72, etc. The problem is that if the 
value of s for which 72 satisfies (a), (b), or (c) of 13.2.91 depends on vi, then the "depth" for which 72 lies in 
the local cohomology group will depend on vi. This will cause the error term in the asymptotic to depend 
on the choice of the auxiliary primes. We must be careful to avoid this in the proof of the following lemma. 

Lemma 3.2.14. There are non-negative integers w and N such that for each n > ni there is a set of primes 
Qn of F, of cardinality h = rank^i?^ (Gi^^s, Ad) — 2, satisfying 

(1) for each v € Qn, p is unramified at v and p(Frobi,) has distinct A-rational eigenvalues av,f]y with 
val{av — /3y) < w; 

(2) each v € Qn splits in the extension Fn/F; 

(3) if the image of j € Wu under the map 

H\Gfs,AA)^ J] H\Gy,M)^ [] i/i(G,, Ad)ft.ee 

lies in ro^^*""^^^ nt,eQ„ {Gy, Ad)f^cc, then 7 e wWh- 

Proof. Let w and N be as in 13.2.91 Fix elements 71, . . . , 7^ G Wh such that for each 1 < i < h, {71, . . . , 7^} 
is a basis for Wi. We will inductively construct a set of primes {vi, . . . ,Vi}, for 1 < i < r, of such that 
each Vj satisfies (1) and (2) above as well as the following: 
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(INDi) if the image of 7 g under the map 

i i 

i=i j=i 
hes in tu(2'-i)^ Hj^i H^{Gv, , Ad)frcc, then 7 G wW^,. 

Taking (5„ = {vi , . . . , w^} estabhshes the lemma. In what follows, given primes wi , . . . , w,; of F ^ we will denote 
the map 

i i 

H^Gf^s, Ad) — ^ n ifi(G,„^. , Ad) ^ [] H\G,^ , Ad)f,ee 

by res^. 

First take i = 1. Then VFi = ^71 and 71 satisfies either (a) or (b) of 13.2.91 (depending on whether tq = 1 
or To > 1) with s = 0. Hence, there is an open subset U oi Gp g such that 

(a) for every a <eU , p{a) has distinct ^-rational eigenvalues a, /3 with val(Q; — /3) < w, and 

(b) for any cocyclc k, representing 71 and a £ U , 

w'^h{g) e (ct - l)Ad + tu™Ad. 

implies j > m — N. 

Viewing [/ as a subset of Gf,s £md applying Chebotarev density we obtain a prime vi of F satisfying (1) 
and (2) of the lemma. To see that (INDi) holds, take 7 — 071 G Wi such that rcsi(7) € H^{Gi,i 1 Ad)frco- 
Take Z > such that annihilates H^{Gv^, AA) tor- Then the image of ^'7 in iJ^(G„j, Ad) lies in 
•n7'+^i7^(Guj , Ad). So, for any choice of cocycle k representing 71, we have 

an7'K(Frob^,) € (Frob„ - l)Ad + ^17'+^ Ad, 

and (b) implies val(a) +1 > I, i.e. 7 S wWi, which is (INDi). 

Now assume, for 1 < i < r, we have primes vi, . . . ,Vi oi F satisfying (1) and (2) of the proposition as well 
as (INDj). If there is no 7 € Wi+i \ zuWi+i such that 

i 

res,(7) e t:^(2'+^-i)w-Q^i(G„^^Ad)free, 

then (INDi4_i) is automatically satisfied for any choice of Wi+i. In this case we can applv [5^2.91 to 7;+! with 
s = 0, and we obtain a non-empty open set U of Gp g to which we can apply Chebotarev density as in 
the i = 1 case to we get a prime f^+i of F satisfying (1) and (2) of the lemma. 
Now assume there is some 7 S W^+i \ wWi+i such that 

i 

res,(7) e t:^(2'^'-i)^n^'(^''.'Ad)fr- 

The idea is now to replace {71, . . . , 7i+i} with a basis for Wi+i that includes 7 and then apply [^2.91 to 7. 

Write 7 = ai7i + • • • + ai+i7i+i. Since 7 ^ mWi+i, there is at least one 1 < j < J + 1 such that aj is 
a unit. Let jo be the largest such index. Then {71, . . . ,7jQ_i,7,7j„_|_i, . . . ,7i+i} is a basis for W^+i. We 
first show that (IND^) also holds with Wi replaced by the A-span of {71, . . . , 7jQ_i, 7j„_|.i, . . . ,7^+1}. Let 
7' = 6i7i + • • • + 6i+i7i+i with bjg = 0. We'll show that if 

i 

res, (7') e t:^(2--i)Ar -q ^i^^^^ ^ ^^^^^^^^ 
i=i 

then 6j S m for all 1 < j < z + 1 . 

First assume that val(6i+i) < val(ai-|_i). Then 7 — jj^l' G "^i: 8.nd when written in terms of the basis 
{71, . . . ,7i}, the jo coefficient is Uj^ — f^&jo = o,ja^ ^ unit. Thus, 7 — p^7' ^ voWi. But 

(34) res, (7 - ?^7'') = res,(7) - ^res,(7') £ tn^^'-D^ TT iji(G„^ , Ad)free, 
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contradicting (INDi). So wc must have val(6,;+i) > val(ai+i). Then 7' — € Wi, and similar to ([M)) . we 

see that 

res. (^7' - e tn(2--l)^ Ad)f,ee. 

By (IND,), we have7'-^7 S ^^M^,. Now7'-^7 = (fei_^ai)7i + - • • (^^.-^a^T., so G m 

for each I < j < i. Then val(6i_|-i) > val(ai+i) imphes bj € m for all 1 < j < i + 1, which is what we wanted 
to show. 

We let {Si, . . . , = {71, . . . , 7^0-1, 7, 7jo+i, ■ • ■ , li+i}, ordered so that 5i+i = 7. By the above claim, 

if 

i 

(35) reSiibiSi + ■■■ + b^) e nj^^'-i)^ J]^ i/^(G^,^. , Ad)frco, then val(6j) > 1 for all l<j<i. 

We wish to applv [?.2.9I to but first we need a little more information. In particular we need to 

know the value of s for which 5i+i satisfies either (a), (b) or (c) of 13.2.91 Recall we have written iJ^+i = 
ai7i + • • • + aj-|_i7i-|.i. We have val(aj-)_i) < (2* — 1)N . Indeed, if Oj+i is not a unit then, jo ^ * and (IND^) 
implies 

i 

res,(ai7i + ••• + 0,7,) ^ tnt^'-D^ [| iji(G„^ , Ad)frcc. 

Then 

res,(ai7i + • • • + ai+17,+1) G w^^'-i)^ i7i(G„^ , Ad)ft.ee, 

gives 

res,(a,+i7,+i) i tu^^""!)^ [] , Ad)f,ee, 

hence val(aj+i) < (2' - l)iV. 

By the way 71, . . . , 7^ were chosen, the above claim implies Ji+i satisfies one of (a), (b) or (c) of l3.2.9l with 
s = (2* — \)N . Let U be the open subset of Gp § given by applving 13.2.91 to Si+i. Applying Chebotarcv 
density to U we get a prime Vi+i of F that, as in explained in the case i = 1, satisfies (1) and (2) of the 
lemma and such that for any cocycle k representing if 

n7^K(Frob,+i) e (Frob,+i - l)Ad + ^'"Ad 

then j > m — (2' — 1)A^ — N = m — 2*7V. As explained in the i = 1 case, this implies that the image of 5i+i 

in H^{Gv.^-^, Ad)frec does not belong to ru^'^ H^{Gy-^-^,Ad)hcc- 

It remains to show (INDi_|-i) holds. Take S £ Wi+i and assume that 

res,+i(<S) e n7(2'+^-i)^^ J]i7i(G,^,Ad)freo. 
Write 5 — bi6i + ■ ■ ■ + We will show val(6j) > 1 for all 1 < j < i + 1. Since 

i 

reS,(^,+ l) e tx7(2" + '-l)^ J]ijl(G„^,Ad)free 

we have 

i 

res,(6i(5i + • • • + bA) e 07(2'+'-!)^ [] H\G,,^,M)i,,,. 

By dSni), we know that val(6j) > (2*+^ - l)iV - (2^ - l)iV = 2W for each 1 < j < i. But then the image of 
^{r-i)Nij^^Si + --- + bA) iniJi(G..+i,Ad)ft.ee lands in tJ7(2-+'-i)WiJi(G,.+^,Ad)frcc. So, w^^'-^'^^'h+iS^+i 
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also maps to w'-'^"^^ H^{Gy ■^-^,Ad)hcc- Since the image of 5i+i in i7^(Gt,.^j, Ad)froc does not belong to 
tu^ ^ H-^{Gy^^^, Ad)f,-cc, wc must have 

(2^ - 1)N + val(5,+i) > (2'+i - l)Ar - 

which implies val(6i+i) > 1. This establishes (INDi+i). □ 

3.2.15. li V C W are finite sets of primes in F and AI is an ^-module with a continuous Gp action which 
is unramified outside W, we denote by Hy{GF,w, M) the subgroup of H^{Gf.w, M) consisting of elements 
whose image in Ougv H^{Gv, M) under the restriction map is trivial. 

We introduce some notation as in |SW1| . For each n,m> 1, let Gn.m and Dn.m be positive integers. We 
write 

if there are constants < a < 6 such that 



a < ^ < b 



for all n, m > 1. 



Proposition 3.2.16. For each n > ni, there is a set of primes Qn of F, disjoint from S and of cardinality 
h ~ TankAH^ (G F.s : Ad) — 2, such that 

(1) for V G Qn, p is unramified at v, p(Frob„) has distinct A-rational eigenvalues, and val(tr p(Frobi,)) < 
w, with w not depending on n or m; 

(2) V splits in the extension F^/ F ; 

(3) for each v € Qn, |i/°(G,, Ad„)| x q^"\ 

(4) |H^JGK5uQ„,Ad™)| xg^"- 

(5) letting Fq denote the maximal abelian extension of F of degree a power of 2 which is unramified 
outside Qn and split at primes in S, Gn = Gal(Fg^/F), we have G„/2"~^G„ = (Z/2"~^Z)*, with 

t = 2-\S\ + \Qn\. 

Proof. We let Qn be the set of primes given bv l3. 2.141 Then (1) and (2) of the proposition are given by (1) 
and (2) of l3. 2.141 In particular, the bound on the valuation of the trace follows from (1) of 13.2.141 since the 
characteristic is 2. 

Take v € Qn and let a and /3 denote the eigenvalues of p(Frobi,). Take g G GL2{K) such that 



5p(Frob„).g ^ = 



a 



Identify Ad with M-2x2{A) using our fixed basis of V , and set Ad' = gAd C M2x2(-f'')- Letting Froby act on 
Ad' via gp(Frob„)g-\ and setting Ad^ = Ad'/ti7™Ad', we see that i/"(Gt,, Ad„) ^ H"(Gt,, Ad^„). There 
is some I > such that 

(36) w'Ad C Ad' C vj-^Ad. 



For 



) e M2x2(if), 



(37) 

This and Ad' 3 ro'Ad imply 



a \fab\fa^ \ f a a(3 ^b 

c d ) [ p-^ ) ^ [ a-^l3c d 



d 

Now ro^Ad' C Tu^^'Ad then implies 



^Ad' : a,d e /nj^Ad' C H°{G,,, Ad'„,). 



I ^ ^ + tu'" Ad' : a, d e /w"Ad 

I " ^ ^ + n7'"-' Ad : a, d e m' I /w'""' Ad 



2m-4i 
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and 

(38) |i?°(G,,Ad„0| = Ad;j| > q^^'-^K 

To get a lower bound, recall that by (1) of l3. 2.141 there is an integer w that does not depend on v such that 
val(a/3~"'^ — 1) = val(a~^/3 — 1) < w. Using this, together with ((57)) and (|36p . we have 



i?°(G„, Ad:„)c 



a & 
c 



n7"Ad' : a, d G m ' and 5, c e m 



/tu^Ad'. 



Now TO™ Ad' D Tu"+'Ad then implies 

a h 
c d 

a b 
c d 



n7™Ad' : a, d e m ' and 6, c G m 



/to" Ad' 



< 



TO"+'Ad : a, d e m"' and 6, c € m""'-'"' S> /TO^+'Ad 



_ 2m+8/+2io 

y 1 



hence 

(39) |H°(G„ Ad™)| = |H"(G„ Ad:„)| < g2m+8i+2™^ 

Since / and w do not depend on n or m, pQ]) and (|38| imply (3) of the proposition. 

We now check (4) of the proposition. Since p is unramified at each v S Q„, the injection 

'^Q„(^J^^-suQ„i Ad) — > iJ^(GF,5uQ„, Ad) 

factors through i/^(GF,s, Ad). Similarly with Ad^ in place of Ad. From the exact sequence 

(40) — ^ Ad ^ Ad — ^ Ad™ — ^ 
we have 

i7i(GF,5, Ad)/TO" ^ i/i(GF,s, Ad™) H^iGp^s.Ad). 
Since the size of the torsion subgroups of H^{Gf.s, Ad) do not depend on n or on m, we have 

(41) \H\GF,s,^dm)\ - |ifi(Gj.,5, Ad)/TO™| X |(A/m™)"+2| = 

Consider our fixed submodule of iJ^(Gi?^5, Ad). Say7G W^/j is such that it maps to to™ J^^^g iJ^(Gi,, Ad). 
Then 7 maps to ro™ n«GQ„ ^^(Ci,, Ad)fi.oc- Writing 7 = to-' 7' with 7' ^ toW^^, part (3) of 13.2.141 implies 
j > m - (2^ - 1)7V. It follows that 

(42) \imiWh^ n ^'(G„,Ad)/TO™)| >g''(™-(2''-iW. 

v£Qn 

Applying local cohomology to ([M)) we have an injection 

0^ n ^'(a,Ad)/TO™ ^ H H\G,, Adm). 

Combining this with (|42p and the commutativity of 

Wh^ H\Gf,s, Ad) UveQ^ -ff^(G„, Ad) 



(Gf,s, Ad„0 ^ n.eQ„ (G« , Ad™) 

we conclude 

(43) |im(i/i(Gf,s,Ad„0^ H i?'(G.,Ad™))| > ^'^('"-(^''-da.)^ 

But, since each v € Qn splits in i^„, we also have injections 

(A/m™)2 - H\Gal{K/F), Z„0 H\Ga.\{F„ / F) , (Ad™)^^") iJ^JGF,suQ„, Ad™), 

so 

I^QjGF^,5uQ„,Ad™)| >q2™. 
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This combined with (gT]) and (gS]) imply 

|ff^„(Gj.,5uQ„,Ad„,)|>=g''", 

which is (4) of the proposition. 

It remains to show (5). Using (3) of 13.2. 2[ it is shown in |KWj that (5) holds with 

t = diiJir H'q^{Gf^suq„,V) -\S\ + \Qn\ 

and so we only have to show diinr Hq^{Gf,suQ„j^) = 2. If M is any A-module on which Gp acts trivially, 
Hq {Gf^suq„i ^'I) is the group of continuous homomorphisms from Gal(F^"/F) to M, where Fg" is the 
maximal abelian Galois extension of F of exponent 2, unramified outside S and split at the primes in Qn- 
Hence, 

dimp iJg^ (Gf,suq„ , IF) = rkAi^Q„(GF,sug„, 

We have a series of injections 

ifi(Gal(F„/F),Z) H'q^^{Gf.suq,.,Z) H'qAGf^suq,., Ad), 

where the last inclusion comes from the fact that (Ad/Z)*^^ = {0}. Since ikAH^{Gal{Fn/F), Z) = 
2, TkAH^^{GF,suQ„,Z) > 2. Part (3) of 13.2.141 implies Wh intersects iJ^^ (G'f,suq„ , Ad) trivially, so 
rk^ iJg^ (Gf.suq,, , Ad) < rk^i/^ (Gf.Sj Ad) — rk^VF/; = 2. Part (5) of the proposition now follows. □ 

4. Promodularity 

The purpose of this section is to prove a certain R^'°'^ — T theorem, where i? is a quotient of a universal 
deformation ring tensored with an Iwasawa algebra as in ^1.6[ and T is a quotient of the universal nearly 
ordinary Hecke algebra as in i j2.3l bv a minimal prime of the Iwasawa algebra. 

In the first subsection, we state assumptions on our field and residual representation, recall notation and 
properties of the deformation rings, Hecke algebras, and Hecke modules, and we then state the localized 
"R = T" theorem, cf. 14.1.81 An important technical point is 14.1.61 where we prove normality of certain 
localizations of our local deformation ring. This will be important in the patching argument because we 
will have to perform a completion after localizing at a dimension one prime. The normality implies that the 
completed local deformation ring is still a domain. Without this, it does not seem clear how to show the 
completed Hecke module is supported on the whole deformation ring. 

In the next subsection, we state some reductions, introduce the auxiliary level data, and recall its relevant 
properties. 

In the following subsection, we perform the patching argument to prove the localized "R=T" theorem. 
The patching is carried out in a similar way as |KW1 Proposition 9.3], except that we must control "error 
terms" generated from the fact that our auxiliary data is associated to a dimension one primes ideal, as 
opposed to the maximal ideal. After performing the patching we localize and complete the limiting objects 
at our fixed dimension one prime ideal. It is worth pointing out that we must perform the patching first 
and then the localization and completion second. This is due to the fact that the backbone of the patching 
argument is the pigeonhole principle, i.e. one has infinitely many finite objects, so a projective system can 
be extracted. The remainder of the argument is then still quite similar to |KW[ Proposition 9.3], due to the 
fact that we can ensure the completed local deformation ring remains a domain. 

In the last subsection, we complete the proof of = T using the localized version together with our 
connectivity result [LI. 71 The argument is almost exactly the same as that of [SW2l Proposition 4.1]. 

Throughout this section we take p = 2. 

4.1. Notation and statement of the localized R''°'^ = T theorem. 

4.1.1. Recall F C Q denotes a totally real number field and Gf = Gal(Q/i^). We assume that [F : Q] is 
even and that for each v\2, either Fy contains a 4-th root of unity or [F^ : Q2] > 3. For each place v of 
F, we let G^ = Gal(i^„/F). Let E he a finite extension of Q2 with ring of integers O and residue field F. 
We assume that for any v\2, the image of each embedding Fy 1Q2 is contained in E. In what follows, all 
completed tensor products will be taken over O unless otherwise noted. 
Fix an absolutely irreducible continuous representation 

P:Gf — ^GL2(F). 
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We assume that all egienvalues of elements of p(Gf) lie in F. We assume that for all v\2, pjc^, is trivial or 
has order 2. 

We fix a continuous character tp : F^\{A^)^ such that 

- Tp is totally even and unramified outside {I'lZ}; 

- on some open subgroup of (A^)^ , ■i/j{z) = 'Ninp/Q{z2y~'^ for some w G Z; 

- ipe2 = det p. 

Fix a finite set of finite places S of of even cardinality not containing any places above p. For each 
w S S, we fix unramified characters 7^ : Gal{Fy/Fy) — > , and we assume 



- for each u e S, 7^ = i/iG„; 

- p is unramified outside of S U {v\2} U {w|oo}. 

We fix a finite place uo of F disjoint from S U {v\2} U {u|oo}. This place will be used to ensure a certain 
neatness property below. 

4.1.2. Let D denote the quaternion algebra with centre F, ramified at all archimedean places as well as all 
the places in S. Fix a maximal order Od oi D and an algebraic weight k = (k, w) for F. Let U be the open 
subgroup of (D (gjp A^)^ given by 

- Uy = lwi{v) for v\2; 

- Uy = for w e S; 

- Uy ^ GL2(Of„) for V not above 2 and not in S. 

We choose an open subgroup Uq of U by letting ([/o)u = Uy for v ^ vq and letting {Uo)vg = Iwi(wq) with n 
sufficiently large so that (C/o(A^) ^ n f-^Dt) /F^ = 1 for every t e (£> A^) ^ , cf. [2X5] 

We let U act on Wk.{0) as in §2.11 In particular, for w € S, Z?,^ acts on Wk{0) as 7~^ o i/^i, where 
vd is the reduced norm of D. We assume that U n (A^)^ acts on M^k(C) via and let S^°^{U,0) 

denote the corresponding nearly ordinary space of quaternionic modular forms, cf. ^2.1\ and ^2.2[ We let 
T"°^,(J7, O) denote the nearly ordinary Hecke algebra as in and T^(J7) the universal nearly ordinary 
Hecke algebra as in ^2.31 We also let S^{U) be the universal family of nearly ordinary modular forms as in 
^2.3[ i.e. S^{U) ~ (liin^^ S'2,^(?7(p°'°), E/0)y . We have similar algebras and modules for Uq in place of U. 

Say we have a finite set of places Q of disjoint from Sq. Note that Nm(w) = 1 (mod 2) for each v G Q. 
For each v G Q, let A^, be the maximal 2-power quotient of ky . We define Uq to be the open subgroup of 
Uq given by {UQ)y = {Uo)y ii v ^ Q, and for u G Q 



We then define S^°^{Uq,0), T«,^(C/q, O), T^,{Uq), and S^{Uq) as before. Recah that for V any of U, Uq, 
or Uq, T^{V) is a A(iY2 )"a'lgebra, and the natural maps between them are A(Z^2 )"a'lgebra morphisms, where 
A{U^) = OM]] with = ker(n„|2 ^ Uy\2iOFj^M-). _ 

We assume that there is some eigenform / G S^°^{U, O) such that ])J = p, with pf the Galois representation 
as in §2.41 Denote by m the corresponding maximal ideal of T"°^(C/, O), and again denote by m its pullback 
to any of T^(C/), T,^(C/o), T^{Uq). 

Recall we have A(/„) = e'[[/^''(2)]], where /^^(2) is the inertia sub group of Gy^{2), the maximal pro-2 
quotient of the abelianization of Gy. We set A(/2) = (E)y^2-!^{Iv)- Local class field theory gives an isomorphism 
A(/2) = A{U^). Also recah, A(G2) = ®„|2A(G„), where A{Gy) = ©[[Gf (p)]]. For V any of U, Uq, or Uq as 
above, the A(Z^2 )"a'lg6bra structure on Tji,{U)m extends to a A(G2)-algebra structure, cf. 12.4.61 

Let p denote the torsion subgroup of Z^/j- Since E contains all embedding Fy — >■ Q2 for all u|2, the minimal 
primes of A{U2) and A(G2) arc in one to one correspondence with valued characters of p. We let 77 be 
the character of p given by our fixed eigenform / above, and denote by q,, the corresponding minimal primes 
of A(Z^2^) and A(G2). Set A{U^,ri) = A{U^)/q,^ and A(G2,?7) = A(G2)/q^. Note that A{U^,r]) and A{G2,v) 
are isomorphic to power series rings over O in [i^ : Q] and |{u|2}| + [i^ : Q] variables, respectively. 
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4.1.3. We now specify some finite places of F at which our deformation problem will be unramified. This 
may seem redundant, but is important for two reasons. The first is that below we will chose a dimension one 
characteristic 2 prime ideal of the Hcckc algebra and it will be important that (after a choice of framing) 
the local deformation ring surjects onto the Hecke algebra modulo the prime ideal in order to compare 
tangent spaces of the local and global deformation rings localized at our fixed prime ideal. The second is to 
guarantee the freeness of a certain group action, cf. 11.6.81 which is necessary for the 2-adic patching method. 
To these ends, first choose a finite set of places {vi, . . . , Vk} disjoint from E U {v\2} U {w|oo} U {vq}, such that 
T^(C/,?7)m — A(Z-/2)[r^i, ■ • ■ ) T\,^][rro„]„|2, cf. 12.4.51 By enlarging {vi, . . . ,Vk} if necessary we can assume 
that if p is dihedral, and L denotes the unique quadratic extension of F for which pjci is abelian, there is 
some Vi <S {vi, . . . , Vk} that is inert in L. We set Sui = {I'l, . . . , Vk} and 

5 = I]U{w|2}U{w|oo}U5ur 

Wc then set So = S U {vq}- 

AAA. Let Q be a (possibly empty) set of places of F disjoint from S. We let suQ denote the universal 

deformation ring for Gj?^5uQ-deformations of p with determinant ip^2- We let R^'suQ denote the universal 
framed deformation ring for framed Gi?.suQ-deformations of p with determinant 'ipe2 and frames at places 
in S, cf. m.6\ We let i?^ denote the universal framed deformation ring for GF.suQ-deformations of p 
with frames at S, and with determinant ?/'£2|g„ for each v G S, but not fixed globally, cf. ijl.6l We similarly 

define Rt,SouQ^ -^°SouQ' and i?°SouQ- 

For each v € Sq, we let R^'^ denote the universal lifting ring for lifts of p|g^ with determinant ^Ije2- Set 
R^'^ ~ ®vesR^''^ and R^^^ = '^veSoRy^^'^' ■ For each v e 5*0, we define quotients of of B^'^' ]i v \ p, 

and of i?°''''(^A(G„,?7„) for u|2, as follows. 

- For w|2, I^'^ = R^Q ^ ) with R^q ^ ^ as in ll.4.31 Since we are assuming p|g„ is either trivial or 
has order 2 image, and that F^ contains a 4-th root of unity or satisfies [F„ : Q2] > 3, we have 

- Bv ll. 4.121 li^'^ is a domain of relative O-dimension 3-|-2[Ft, : Qp]. Moreover, if denotes the 
closed subscheme of Spec A(G^, 7y„) defined by (x""'^)^ = V'£2, and Vy denotes its complement, 

(Speci?°''^ XspecA(G„,r,„) K) «1C1 F 

is integral. 

- Bv 11.4.181 if X = {px,Xx) is a closed point of Spcci?,„ ' [1/p] such that xi ^ ?/' or ■(/'e2, then 

is formally smooth over E at x. 

- For i; € S, = R^'''~^^ as in ll.5.41 It is a domain of relative O-dimcnsion 3, R^ is formally 
smooth over E, and R^ ''^ (So F is a domain. 

- For w|oo, R^ ''^ = R^'~^ as in ll.5.61 It is a domain of relative O-dimcnsion 2, i?„ '''[l/p] is formally 
smooth over E, and R^ ''^ (8)0 F is a domain. 

- For V e Sur; R-a = ''^'"^ as in (2) of 11.5.21 It is formally smooth over O of relative dimension 3. 

- R^^'^ is as in ll.5.21 It is equidimensional and O-flat of relative O-dimension 3. There is a minimal 
prime qur such that a lift factors through i?^j'''/qur if and only if it is unramified. The quotient 
i?|J^J^/qur is formally smooth over O. 

We set Eg = ^vesRv and Rg^ = ®veSoRv 

Lemma 4.1.5. R^^f' is O-flat and equidimensional of relative dimension 3\So\ + [F : Qp]. Any minimal 
prime of R^^^ is of the form c\F^g^ with q a minimal prime of R^^^ ■ 

Proof Bv 11.4.121 [TX^fTXil and lTOl and (3) of lTXil R°f' is O-flat of relative dimension 



3 + 2[F„ :Qp]+Y^2 + J2 3 - 3|S'o| + [F : QJ, 

't! 1 2 I? 1 00 G E U Sur U { } 

and the claim regarding minimal primes follows from part (4) of ll.l.4[ □ 
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In particular, for q^^ the minimal prime of R^^^ corresponding to unramificd lifts. 14. 13] implies that qur 
generates a minimal prime of I^^^ which we again denote by qur. 

Let XriT^ ■ — >■ ^{Gv,Vv)^ denote the universal A(G'.„, 77i,)-valued character. 

Lemma 4.1.6. Let Z\ denote the closed subscheme o/ Spec A(G'2, f?) defined by (xJJ!"^)^ ~ V' fof some v\2, 
and Z2 the closed subscheme defined by (x™'^)^ = V'£2 for some v\2. Let U denote the complement of Z1UZ2, 

and let f : Spec i?5^j'' /qur — > SpecA(G2,77) denote the natural morphism. // p £ f^^{U), then (R^^^ /c\ni)p 
is normal. 

Proof. For ease of notation, we set R = F^^^ /q^^^, Ry — F^'^ for v €z S, and = i?^''''/qur- Note that 
R^ '^veSo-^v- We check Serre's conditions (5*2) and (i?i). Since / ^{U) is open it suffices to check 

(a) for any p € f~^{U), we have dcpthi?p > min{i,htp} and 

(b) for any p G f~^{U) with htp = 1, Rp is regular. 

Take p £ f~^{U). First assume that 2 ^ p. Since i?[l/2] is Jacobson, we can find a finite extension E' /E 
and an E' valued point x : -R[l/2] E' whose kernel lies in f~^{U) and contains p. Write x = for 
Xi, : Ry — )• £", for each v G 5*0. Part (2) of 11.5.21 ll.5.4[ and 11.5.61 imply that Ry is smooth over E for each 
V £ Sq with V \2. For w|2, since the kernel of x lies in f~^{U), 11.4.181 implies that Ry is smooth over E at 
Xy. Part (1) of 11.1.41 shows that -R[l/2] is smooth over E at x. Since p is contained in the kernel of x, p is 
regular. This establishes both (a) and (b) for primes in /~^(C/)[l/2]. 

Now take p G f^^{U) with 2 G p. Let zue denote a uniformizer of E. Let N denote the nilradical 
of R/weR, and for each v G 6*0, let Ny denote the nilradical of Ru/tueRv Part (2) of 11.5. 2[ ll.5.4[ and 
11.5.61 imply that Ny = for each v G Sq with v \ 2. For v\2, 11.4.121 implies that the support of Ny in 
Spec A(G„,7;„) is contained in the closed subscheme defined by (x^"'^)^ = i^^2- Then part (4) of 11.1.41 
implies that the support of N is contained in f^^{Z2), so Rp/wsRp — {R/vueR)p is reduced. If htp = 1, 
then Rp/vjERp is a field, and p is regular. If htp > 1, then R^/weRp reduced and of dimension > 1 implies 
the existence of a non-zero divisor in its maximal ideal; hence, depth/ip > 2. □ 

As in ll.6.31 we define quotients 

,SUQ^ 

- RF:tuQ^MG2,v) RfXvjq. and 

- ^F,5oUQ®A(G2,f7) ->i?F,SoUQ 

by letting 

- ^F,SoUQ - ^So ^F.SoUQ' ^na 

R° -7?°''^ 6?, ° 

We define a quotient Rpg^JQlS5A{G2,r|) R'f.s\jq by letting -R^.SuQ be the image of Rt',suQ®MG2,'r]) 
under the natural map 

-^F,SUQ®^(^2, ??) > ^F.'suQ ^ Rp'suQ^ 

and similarly with in place of S. Note that if E'/E is finite with ring of integers Oe', a local O- 

algebra morphism Rp so ^ ^e' has kernel lying over qm- G Speci?^^'''' if and only if the induced morphism 

R^ So ^ ^E' factors through R^g. 

Bv l2.4.6| the existence of / in l4.1.2l vields surjective morphisms R^f,s ~^ T^(L'', r])m, ^f,So ~^ T^(t/o, v)m, 

and Rp SouQ ~^ T.0(C/q, ?7)m- These are all morphisms of A(G2, ?7)-algcbras, and the natural diagrams all 
commute. 

If R is either of Rp suQ '^^ RpSouQ^ ^ is a CNLo-algebra, and x G Spfi?(A), we let px denote the 
pushforward of the universal deformation by a;. If p G Spec R, we denote by pp the pushforward of the 
universal deformation by i? — )■ i?/p. 
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4.1.7. As in |SW1| and |SW2| . we say a prime p g Spec i?^' 5 is pro-modular if it is the inverse image 

of a prime of T^(J7, ?7)m. We say a closed subset of Spcci?^^ g is pro-modular if every prime in it is pro- 
modular. Note that an irreducible component is pro-modular if and only if its corresponding minimal prime 
is pro-modular. We say a prime p e Spec Rp g is nice if 

(a) p is pro-modular; 

(b) p is dimension one and containing 2; 

(c) pp is absolutely irreducible and non-dihedral; 

(d) for each v\2, the image of p in Spec A{Gv,r]y) does not he in the closed subscheme defined by 

(e) the image of pp contains a non-trivial unipotent element. 

We are now in a position to state the the localized "i? = T" theorem. 

Proposition 4.1.8. With the notation and assumptions as above, i/ p G Spec i?^ 5 is a nice prime, then 
every prime of Rp 5 contained in p is pro-modular. 

4.2. The Setup. The proof of 14.1.81 will be carried out in a number of steps. Fix a nice prime p and let 
A = R%^s/P- 



4.2.1. We have a commutative diagram 



R 



'F,S 



with all arrows surjective. Pull back p to a prime po of T^(t/o,77)mi and denote again by po its pullback 

to R!f,So- denote the Zariski closure in SpeciJ^g^^ of the set of points x G Spf i?^ .5^^ (Ob' ) whose 

corresponding deformations are unramified at uq, as E' ranges over all finite extensions of E. Note that X 
is the image of Spec (-Rf So/I"') ™der Speci?^'^^ — > Spcci?^ g^. From this it follows that X is also equal 
to the image of Spec i?^ g — > Spec i?^ . Consider the commutative diagram 



SpecT(t/,77)„ 



SpecT(C/o,7?)„ 



■ Spec Rp g 



Spec Rpg 



Let q be a minimal prime of T^([/oi ^/)m whose image in Speci?^^^ lies in X. We know that any arithmetic 
prime contained in q is in the image of Spec T^(?7, rf)^. By Zariski density of arithmetic primes, cf. 12.3.111 q 
must be in the image of Spec T^(t/, ifjm- It thus suffices to prove that any element of X n Spec (i?^ So)po ^ 
Spec Rp g^ is in the image of Spec T(t/o, f?)po- 

Recall i^F s'o isomorphic to a power series ring over g^ in 4|5o| — 1 variables, cf. 11.6.51 Set j = 41501 — 1, 

—□,•1/) ^ —0 rr n T i -FA' 



and choose a presentation Rpgg Rp gg [[yi, ■ 



Let R 



F,So 



Rp g be the map sending each yi to zero. 



Set T^(;7o,77)m = i?^^So(t)-^*^ T^([/o,7?)m- We have a map T^(J7o,?7)m ^ T^,{Uo,v)m, by sending each yi 
to zero. Pull back po to ideals of T^([/o, r])m and fl^'g , and denote each again by po. In order to show that 
any element of Xn Spec (i?^ 5ij)po C Speci?^ ^^ is in the image of Spec T(C7oj '7)poi it suffices to show that any 



element of Spec {Rp'gg)po lying over q^i. G Speci?^^^''' is in the image of SpecT^([/o: '7)po ^ Spec {R^p'^g^Jpa 
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Finally, recall that we have a faithful T^([/o, ?7)m-niodule 5^ ([/q, f?)m- Set S'5([/o, f?)m = ^^'so'^Ti* ^i-i^OTV)!! 
this is a faithful T°([/o,r/)n,-module. To prove l4T!8l it suffices to show that if q G Spec{Rpgg)pg lies over 
cjur G Speci?^^''', then q is in the support of S^{Uq, ?y)m- This is what we will prove. 

4.2.2. For ease of notation, set A — A{Up,r]) = A{Ip,r]), Rioc = R^i,^ , R'o = ^'f.So' -^o = R^'so- 
Mo = S^(Uo,'r])m- Also set B = A[[?/i, . . . ,yj]\. Let pA denote the puUback of p to A. Note that R'^ and Rq 
are S-algebras, and the surjection Rq — > i?o is a S-algebra morphism. We denote by pQ the puUback of p 
to i?Q, and pioc its puUback to i?ioc- By our assumption on f?7n)„o . 1^.3.31 and [ 2.3.81 implv that S^,{U,rj)m is 
finite free over A, thus Afo is finite free of the same rank over B. 

Lemma 4.2.3. There is a prime q S Speci?o contained in po and in the support of Mq such that the 
irreducible component of Spec i?ioc determined by qur is the unique irreducible component containing the 
image of q. 

Proof. By 14.1.51 Speci?ioc SpeciJ^j'^ induces a bijection on irreducible components. Hence, it suffices 
to show the existence of q € Speci?o contained in po and in the support of Mq such that the irreducible 
component of Spec R^^^ determined by qur is the unique irreducible component containing the image of q 
under Spec i?o — > Spec 

Let q be a minimal prime of T^{U)m contained in p, and write q again for its puUback to Rq. Choose an 
arithmetic O-morphism A/ : T^([/) — > whose kernel contains q. Since p/ is unramified at vq, we know 

that the image of ker A/ in Spec Ry^^ lies in the irreducible component determined by qur. If it was contained 
in more than one irreducible component. 11.5.21 shows that Pflc^g — 7^2 © 7, for some unramified character 7 
of Gy. But using local-global compatibility, this contradicts the fact that the automorphic representation tt/ 
of GL2(Ai?) corresponding to / via the Jacquet-Langlands-Shimizu correspondence is generic at vq. Since 

the irreducible component of R^^ determined by qur is the unique one containing ker x, it is also the unique 
one containing q. □ 

4.2.4. Note that the map Rq ^ A determines a fixed tuple {VA,{Xv}v\2,{f3A,v}v£So)j with Va a deformation 
of p to A, Xv an A valued character of G„ for each v\2, and /3a, « a basis for Va reducing to our fixed basis 
of p for each v £ Sq. 

We need to use the results of Sj3l Let K be the fraction field of A, and let A' be the integral closure of A 
\ii K . If we view pp as taking values in GL2(A'), then all the assumptions of Jj3]are satisfied (with p ^ Pp 
and A' in place of A), except possibly for the assumption A5, i.e. that in the case where p is L-dihedral, 
there is some ro G Gf \ Gl such that Pp(to) has distinct infinite order A'-rational eigenvalues (note that 
(d) of the definition of nice primes ensures that A2 holds even in the case that p is not dihedral) . Assuming 
p is dihedral. 11.7.51 implies there is some tq € Gp such that p(to) has order 2, but Pp(to) has infinite order. 
Since 2 g p, det pp is finite, and unipotent elements of Pp(Gf) have finite order, we deduce that Pp(To) has 
distinct infinite order eigenvalues. Since p(ro) does not have distinct eigenvalues, the eigenvalues of Pp(to) 
lie in the ring of integers A" of a quadratic ramified extension K" /K. The representation pp (g)^ A" then 
satisfies the assumptions of fJSl Applying the results of that section, we fix ni > 1 as in 13.2.41 and for each 
n > ni we fix a finite set of finite places Q„ as in 13. 2. 161 Recall that \Qn\ has cardinality independent of n, 
and we denote it by h. For each n > 1. in the notation of 14. 1.21 and I4.1.4"l we set 

R'n ~ -R_F,SouQ„ and i?„ ~ Rf,Souq„- 

Fix a choice for the framing of Rp SauQ„ over Rf,Souq„ compatible with the surjection Rp SouQ„ ^ Sq- 
This then gives a B-algebra structure to R'^ and i?„ and we have a commutative diagram in CNLo 

-Rloc ^ R'n ^ Rn 



Rq ^ Rq 
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such that each is a morphism of A-algebras, and each of R'^ — > R'^ — > R'^ and i?„ —> Rq are surjective 
morphisms of i?-algebras. Let p„ and p'j denote the puUbacks of p to i?„ and respectively. 

Lemma 4.2.5. (1) Lei fc = 1 + 2h. For any n > ni, there an injection of A-modules 

^'-^p;/((p;)'+pioc) 

whose cokernel is finite of size bounded independent of n. 
(2) The minimal number of generators of the maximal ideal of Rn is bounded independently of n. 

Proof. We first prove (1). RecaU K is the fraction field of A. Let t„ = pJj/((pJJ^+pioc). Take . . . , Xk„ € t„ 
such that the images of xi, . . . , Xk„ in tn/xnA are linearly independent and such that xi, . . . , Xk„ form a basis 
for in K. This gives a map tp : A'^" — >■ in- We will show that kn = k and coker((^)) is finite of size 
bounded independently of n. 

Recall A' denotes the integral closure of A in K. Set t'^ = t„ (S)a A' . I claim that i„ — i'^ is an injection. 
As both are finitely generated over A, it suffices to show injectivity modulo hxa, by Nakayama's Lemma. 
This follows from the fact that the composite 

in/mA — > C/m^ — > C/m^' 

is the isomorphism i„ ®a ^ — {Ui ®A A') ®a' IF- 

Identifying xi, . . . , Xk„ with their images in t^, we have the commutative diagram 

^ Axi + • • • Axk,^ — ^ in ^ coker((y9) s- 

/ 

^ A' XI + ■■■ + A'xk„ — ^ t; ^ coker(^') ^ 

and the snake lemma gives an injection ker(/) — )• {A' /A)^"^ . If fc„ = k, then (A'/A)''" is finite of size bounded 
independently of n. So, it suffices to show the ^'-rank of is k, and that coker((^') is finite of size bounded 
independently of n. 

Recall that A" is the ring of integers in a quadratic ramified extension K" /K so that pp ®a A" satisfies 
the assumptions of 321 Set = ®a' A" = t„ i^a A" . Since A" is free of rank 2 over A' , it suffices to show 
that the ^"-rank of i'^ is k, and that the cokernel of tp" : A"xi + ■ ■ ■ A"xk^ — >■ t" is finite of order bounded 
independently of n. 

We recall some notation from 13.2.151 For each n,m > 1, given positive Cn.m and Dn.m, we write 
if there are constants < a < 5 such that 

a<^<h 

for all n,m > 1. If M is a finite abelian group with a continuous Gj^^SouQn -action and y C 5*0 U Qn, we 
let ify(GF,SoUQ„ , -^^) denote the subgroup of Hy{GF,SoUQ„i M) consisting of elements whose restriction to 
H^{Gv,M) is trivial for each v €V. Let Ad denote the set of 2 x 2 matrices over A" with the adjoint 
GF,SoUQ„-action. Set Ad™ = Ad/m^„Ad. Let q = |F|. 

Since t" is a finitely generated ^"-module, we can write t" = (A")*^" ® r„, with Tn finite. By our choice 
of xi, . . . , Xk„ , coker(iy9") = r„. Since r„ is finite, Hom^" {Tn, K" /A") = T„ , and 

Hom^.(t::,if"M") - {K"/A")''- X T„. 

It then suffices to show that Hom^" (t^^, A"/m^„) x (g™)''. Let •ci7A'" be a uniformizcr for K" . We have 

IiomA"{CA"/m'X.) = Hom^(t„,^7m:j„) 

and this latter space is identified with the set of e Honifl;,^^ (i?^, cPif/e)) such that 

K^A"[s]/{s^v.]}„e)'^A" 

is the map R'^ A ^ A" . This Hom set is then identified with tuples {V, {(3v}veSa)' where 

- V is a Gi?,SoUQ„-deformation to A"[s]/{£'^,'cu^/,£) that lifts the yl"-dcformation Va ®a A", where 
Va is our fixed deformation corresponding to p; 

- each (3y is a basis of V lifting the basis of Va ®a A" determined by our fixed basis /3a, i. of Va, 
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such that 

- for each v G Sq, the hft determined by V\g^ and the basis /3„ is equal to the hft given by VaIgi, 
A"[£]/(£2,z77^„e) and/3^,„. 
Note that there is no need to specify the characters of as they are determined by the fact that our 
morphisms are i?ioc-morphisms. The set of such tuples surjects onto the set of deformations lifting Va'S'aA" 
with fixed restriction to Gv for each v € So- A standard argument shows that this space of deformations 
is isomorphic to Hg^{GF,SoUQ„, ^dm)- The fibre over any given deformation V is given by sets of basis 
{Pv}v£So reducing to our fixed set of bases modulo e, such that the lift given by V\c^ and /3„ is independent 
of the element in the fibre, up to equivalence by automorphisms of V reducing to the identity modulo £ that 
commute with the GF,SoUQ„-^ctioTi. 
Putting this all together, we have 

(44) |Hom^(t„, A /m^„)l = |go(G,, AdJi ' 

Since the trace pairing on Ad™ is perfect and the characteristic of K" is 2, the Pontryagin dual of Adm is 
G_F,SouQ„-isomorphic to itself, and the dual Selmer group to if^^^(GF.Soug„7 Adm) is Hq^{Gf,Souq„, -^dm)- 
Then, the Greenberg- Wiles formula, c.f. |DDT1 Theorem 2.19], together with yields 

|Hom^(t„,A M - |^o(G„Ad„)| Jlji70(G,„ Ad„)| ' 
Local Tate duality and Euler-Poincare characteristic give 

(45) |Hom^(t„,A"«,)l = '''^iff^g;^ IT Ad„)|. 

Since Va (E)a A" is absolutely irreducible, \H^\Gf, Ad^)\ x g". Then parts (3) and (4) of 13.2.161 with (^5]) 
imply 

\IlomA{tn,A"/m'X")\ - (g")i+'l^"l = q""" 
which is what was required to prove. 

To see (2), it suffices to show the minimal number of generators of over i?ioc is bounded independently 
of n. Letting Adp denote the space of 2 x 2 matrices over F with the adjoint Gf,SoUQ„ -action, a similar 
argument to above shows that the minimal number of generators is bounded above by 

dimFi?Q^(Gi^,5ouQ„, Adp) - dimFH"(GF, Adp) + ^ dimp H°{Gy,Adw) < dimw H^{Gf,So, -^dp) - 1 + ih. 

□ 

4.2.6. We let Fq' denote the maximal abelian p-extension unramified outside Qn and split at all primes in 
So- Set G„ = Gal(F|° /F). Part (5) of |3,2T6| shows that G„/2"-2g„ (Z/2"-^^)* with t = 2-\So\ + \Qn\- 
Let G* denote the diagonalizable O-group associated to G„ as in ll.6.71 Recall that an element of G* (A) is 
a character x ■ Gn — >■ reducing to the trivial character modulo the maximal ideal of A. 

Bv 11.6.81 and our assumptions on S, cf. I4.1.3[ there is a free action of G* on Spf-Rj^, and the morphism 
Spfi?^ — ^ Spfi?ioc is constant on orbits. We also have an action of G* 2, the 2-torsion of G* , on Spfi?„, and 
a function Sq^^ : Spfi?^ — > G* such that that i?^ — i?„ identifies Spfi?„ with the closed sub-formal-scheme 
of Spfi?^ defined by Sq^ = 1, and for any CNLo-algebra A, a £ G*(A), and x e Spfi?^(A), we have 
SQ^{ax) = a'^SQ^{x), cf. 11.6.71 We also note that for any CNLo-algebra A, the stucture map O A gives 
a group homomorphism G* (O) — > G* (A). In this way the finite group G* (O) acts on Spfi?^j; hence, also on 
R'„. Similarly, G* 2(C) acts on i?„. 

4.2.7. For each n > ni, let S^iUn^^rj) be as in 14. 1.21 We set A/„ = -Rf'sIuo S^{UQ^^,r])m- Note 

that Mn is an i?„-module and we have a surjection A/„ — > Mq of i?„-modules induced by the degeneracy 
map in 12.5.11 Here, i?„ acts on Mq via the surjection i?„ — > Rq. 

Write Qn = {vi, . . . , Vh} and define two power series rings i?[[si, . . . , Sh]] and B[[ti, . . . , th]]- We view 
B[[ti, . . . ,th]] as a subring of i?[[si, . . . , s/i]] by H> (1 -I- Si) + (1 + Si)^^ - 2. For each Vi G Qn, fix a 
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generator ct^ of the p-part of the tame inertia group of F.^^ . The map — > Op — > k^. — > A.^^ given by class 

field theory sends cr^ to a generator Si of Ay.. Let V be tautological deformation to RF,SoUQn- We define 
a local i?-algebra morphism B[[ti, . . . ,th]] — >■ Rn by sending 2 + ti to the trace of Ci acting on V. We also 
define a -B[[si, . . . , s?i]]-module structure on M„ by letting Si act via the action of Si on S'^(C/Q„)m- Bv l2.5.6| 
the two B[[ti, . . . , i/i]]-module structures on M„ given by i3[[si, . . . , Sh]] and i?„ coincide. Note that under 
the surjection i?„ — > i?Oi each is mapped to zero. 

We remark that the power series ring i3[[ti, . . . , th]] is introduced because we may not be able to define a 
B[[si, . . . , Sft]]-algebra structure on i?„. Although p is unramified at each v € Qn, its Frobenius eigenvalues 
may not be distinct, so the local lift to Rn may not be split and we may not have a morphism At, — > R^. 
This is why we introduce this subring B[[ti, . . . ,th]] of "traces". 

Lemma 4.2.8. (1) There is s >1, independent of n, such that letting b„ denote the annihilator of Mn 
in B[[si, . . .,Sh]], 

b„C((l + si)2"-l,...,(l + s^)2"-l) 
and Mn is free over B[[si, . . . , Sh]]/&n of rank s. 

(2) (si, . . . , Sh)Mn C ker(i\/„ ^ M§'). 

(3) There is Aj\/ e A, Aj\/ ^ pA and independent of n such that letting Nn = ker(Af„/(si, . . . ,Sh)Mn ~^ 

Mf), XuNn C PnNn- 

(4) There is an action of the finite group G* 2(0) on Mn such that for a G G* 2(0), t G Rn, and 
m G Mn, r{am) = a((ar)m). 

(5) Letting G* 2(C) o-ct on B[[si, . . . ,Sh]] by xsi ~ x{^i){^ + — 1, we also have Si{am) ~ a.{(asi)m). 

Proof. Parts (1) and (2) follow immediately from 12.531 and our assumption on wq. Parts (4) and (5) follow 
from [2X71 

We now show (3) . By ( 1 ) of l3.2.161 there is w independent of n such that for any w e Q„ , val/^ (pp (Frobi, ) ) < 
w, where vali<- denotes the valuation of the fraction field K of A, normalized to give a uniformizer valuation 
1. Let Aj\/ G A be any element whose image in A is nonzero and has valuation at least 2u>. Bv l2.5.3[ there 
is G Rn lifting (tr pp(Frob^))^ such that y^^n = 0. In particular yv{N„/pnNn) = 0. Since the valuation 
of y„ modulo p„ is bounded above by 2w, we have \M{J^n/pnJ^n) =0. □ 

4.3. Patching and proof of l4.1.8l Denote by T the formal CNLo-torus (Z*)*, where t = 2 - |5o| + |Q„|, 
cf. 14.2.61 For any n> 1, we let T2" denote the 2"-torsion subgroup of T. 

Lemma 4.3.1. Let fc = l + 4/i = l+ 4|5o| as in \4-2. 5\ Let CNLa denote the full subcategory of CNLq 
consisting of A-algebras. We have 

- CNLa objects R'^, Rqo, a power series R\oc[[xi, ■■■ ,Xk\], and an Rqo x B[[si, . . . , Sh\]-module Moo,' 

- CNLa morphisms i?ioc[[a;i, . . . ,Xk]] R'^o Roo, R'oc R'oy ^00 Ro, and B[[ti, . . . ,th]] Roo, 
and a morphism of i?oo x -B[[si, . . . , Sfi]]-modules M^o — > Mq ; 

such that the following hold. 
(1) The diagrams 

Rioc[[xi, . . . ,Xk\] ^ R'oo ^^00 and B[[ti, . . . ,th]] ^ Roa 



R\oc ^ i?d ^ Ro B ^ i?o 

both commute and the two -B[[ii, . . . , th]]-module structures on Moo (coming from Roo and B[[si, . . . , Sh]]) 
coincide. 

(2) The morphisms R'^ — > -Roo 7 R'oo ^ R'oj ^00 ^ Ro, and Moo ^ Mq are all surjections. 

(3) (ii, . . . , th)Roo e ker(i?oo ^ ^0) and (si, . . . , Sh)Moo € ker(Afoo ^ Mq")- 

(4) Letting Noo = ker(Afoo/ (si, . . . , s^) — > Mq ) and letting poo be the pullback of pQ to Roo, A^oo/pooA^oo 
is a torsion A-module. 

(5) Lettingp'oo be the pullback of p'^ toR'o^, (pioc, Xi, . . . , Xfc)i?^ C p'^ and p'^/((p'^)2+(pioc, Xi, . . . , 
is a torsion A-module. 

(6) There is a free action of T on Spf and a map Soo '■ Spf i?^ — >■ 1 such that 
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- the morphism Spfi?J^ — ^ Spfi?ioc is constant on orbits of T, 

- the closed immersion Spfi?oo ^ Spfi?^ identifies Spfi?oo with the closed suhfunctor of points x 
with 5oo{x) = 1 and 

- for any object A in CNLq, x G Spfi?^(A) and a G T(^), we have 5rx,{oix) = oP'6ao{x). 

(7) The suhfunctor Spfi?oc> ~^ Spfi?'r^ is stable under the action of%2, O'l^d there is an action of %2{'^) 
on Moo satisfying the following compatibility condition: for any m € M^o, r G Roo, and a G 12 (C) 
we have r{am) = a{{ar)m) . 

Proof. The proof is similar to the contsruction in |KW| Proposition 9.3]. 

For a CNLo-algebra A with maximal ideal niA and r > 1, we let m^' denote the ideal of A generated by 

elements of mA that are r*^ powers. Note that if ttia can be generated by g elements, then m^'^ C m^''. Let 
s > 1 be as in (1) of 14.2.81 For each m > 1, set r„i ~ sm{h + j)2'" and 

c„ = (mX\ yf, . . . , yf , (1 + si)^'" -!,...,(! + suf"^ - 1) c B[[su . . . , s,,]]. 

Let Dm — Cm n B[[ti, . . . ,th]]- As in the proof of [K21 Proposition 3.3.1] we can show that for any m > 1, 
Mq/c„iMq is an i?o/(5mi?o + m^™'')-module. Similarly, for any n > ni and m > 1, we can show that 

Mn/cmMn is an i?„/(0,„i?„ + m^"^)-module. 

Fix Aii; G A with non-zero image in A such that Xji annihilates the cokernel of the map in (1) of 14. 2. 51 for 
all n> ni. Also let Xm be as in (3) of 14.2.81 

Let G'^ = G'„/2"~^G'„. As in |KWj . we fix a surjection Z* -> G„ for each n > uq. By 14.2.61 this induces 
an isomorphism Z/2"~^Z = GJ^ and a closed embedding G* — >■ T which identifies G'* with T2"-2. 

Let g by such that the maximal ideal of i?„ is genererated hy < g elements for all n > ni, cf. (2) of l4.2.5l 

We let CNLijj^^ denote the full subcategory of CNLo consisting of i?ioc-algebras. We recall some notation 
of 11.2.41 We let CNL|^' and CNL|^' be the full subcategories of CNLq and CNL^^^^, respectively, consisting 
of objects A such that = 0. Given a CNLo-algebra A, we let A^"^^ = A/m^. Given X = Spf A in CNL^p, 
we let Xl'^l = SpfAl''!. For to > 1, a patching datum of level m, denoted {D',-^, D,„, L,n), consists of the 
following. 

(a) A surjective CNLfl,^^ morphism 

D„^ i?o/(Omi?o + tn^^;-^) 

which is also a B[[ti, . . . , t/i]]-algebra morphism, such that vn^^' = (0). 

(b) A object D'^ of CNL^^'^"' such that na_D^^ can be generated by g elements, a surjective CNL^^'^"*' 
morphism 

n' i n 

a free action of Tj^"' on D!^ such that the map SpfDm — > Spf i?ioc is constant on orbits of llfZ""^ , and 
a morphism Sm '■ SpiD'^ — >• 1, such that Smiax) = a'^Srn{x) for any A in GNLq"^'"', x G SpfDm(A) 
and a G 12"^ (A). Let D'^ be the object in CNL^^*^'"' representing the closed suhfunctor of SpfDm 
given by points a; with dm{x) = 1- We further demand that the surjection D'^^ — > D„i factors through 
— > Dm and that the kernel of ~^ is contained in m^„ . 

(c) A X B[[si, . . . , s^]]-modulc L,„^ which is finite free of rank s over i?[[si, . . . , s^]]/cm and a sur- 
jection of Z?m-inodulcs L,n — > AI^'^ / CmM^'^ (the Z^m-modulc structure on AIq'' / Cm.AIo'^ is via the 
surjection Z?,„ — > i?o/(5m + Tni?"') in (a)), such that letting am. denote the inverse image in Dm of 
the image of po in i?o/(3m^o + ^^0"'), 

AA/ker(im/(si,---,s/0 ^ Alf /cmAlf) C Om kcr(im/(si, ■ • ■ , s/i) ^ Alf /cmAlf). 

(d) A CNLfl,^^ morphism 

i?ioc[[a;i, . . -^Xk]] — > D'm 

such that, letting Om denote the inverse image in D'^ of the image of po in Ro/idmRo + ^r^^)^ we 
have (pioc, xi,..., Xk)D'^ C and 

^R{<l{{^'mf + (Pioc, xi, . . . , Xk)D'm)) C mS- . 
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We define a morphism {D'^ , Dl^, L]^) — >■ [D'^ , D"^, Li^) of patching data of level m to be surjective 
CNLflj^^ morphisms — > and D}^ — >■ and a surjection of Z?^j-modules L]^ — )- L^, such that 

- Dl^ — > is a . . . , t;i]]-algebra morphism and is compatible with the surjections to i?o/ (fm + 

"^rT^) of (a); 

- I?^„^ — > D[-^ is compatible with the Tj^™ '"'-action and with the morphisms : SpfZ)^* T from 
(b), and 

D' 1 ^D^ 

-«--' 7-1-1 J-^ rrn 



D' 2 ^ 1)2 

m 7n 

commutes; 

- D'^ — 7> I?^„2 is compatible with the morphisms i?ioc[[a;i, . . . , Xk\] — > D[-^ from (d). 
Fix n > ni and ni < m < n. We now show how to define a patching datum (-Dj„ rn -^rn,n, Lm,n) of level 
TO, from i?Jj_|_2) and A/„+2. 

Set L»^j „ = i?^+2/'^?f4"2 7 = ^n+2/(5mi?n+2+m^"^''j, and L™,„ = M„+2/cmA/„+2- The surjection 

Rn ^ Ro is an i?ioc x -B[[ti, . . . , t;i]]-algebra morphism, so we get a morphism Dm,n Ro/i^mRo + •t^Ho"') 
satisfying the properties of (a) in the definition of a patching datum of level to. 

As noted above, L,n,n is a I?„i^„-module and the surjection A/„ — > Mq of i?„-modules induces a surjection 
im,n —J' Mq'' /cmM^'' of -D^.n-modulcs. That L,„_„ satisfies the required properties follows from 14.2.81 

We now show part (b). By choice of g, vaw^ ^ can be generated by g elements. As noted above, we have 

m^7" C m^,'"'', so the surjection R'^ Rn induces a surjection D'^ ^^ — > D,n,n- From 

2" > -^2" — <J"ri+2 ^ 

the free action of G*_|_2 on Spfi?,'j_|_2 yields a free action of T2m on Spfi?^_|_2. This gives rise to a free group 

action chunk in CNl|^'^"', cf. fm of 4^r"' on Spf Now let 5 : Spfi?;+2 ^ Gn+2 be as in 14^61 
With our fixed immersion G* — > T we define 5m. to be the composite 

Spf£'m,,i > Spfi?'j^2 ^ Gn+2 ^ ~- 

The fact that S„i{ax) = a2(5,„(x) for any A in CNLq''"', x G Spfl?^^ ti(^) and a G T2'"(^) now follows from 
14.2.61 Let Dl'^ „ be the object in CNlJ^'^"' representing the closed subfunctor of SpfD^ „ given by points 
X with Sm{x) = 1. The surjection -D^_„ — > Djn,n factors through -D^ „ — s- D'^ ^- We also see that, since 
5m^Ji+2 + ^ii'"'' — kernel of „ — > i^jn,,! is contained in m^„ . We have verified all the 

conditions of (b). 

To realize part (d), first note that a„i is the image in D'„^ „ of 

p;+2 + 5,„<+2 + m^H C p;^2 + ^^R'^^, ■ 
By I4.2.5[ we can choose a CNL/jj^^ morphism 

Rloc[[xi,...,Xk\] > R'n+2 

such that (piocXi, . . .,Xk)R'n+2 ^ P'n+2^ and such that pJj_|^2/((Pn+2)^ + (Pioc a;i, . . .,Xk)R'n+2) is annihilated 
by \r. This then induces the desired morphism of part (d). 

For any n > ni and ni < to < n we have natural surjections -Dm+i.„ -Cm+i.n ^ ^m.n and 

im+i,n — > im,n that iuducc an isomorphism 

{D'm+l,nl^^D'" , -Dm+l^n/Cfmi'm+l^n + na^^^^ ^), im+l,ri/Cmim+l.n) — {D 

of patching data of level to. Since, for each to > 1 there are only finitely many isomorphism classes of 
patching data of level to, after extracting a subsequence of (n)„>„j we can assume that (I?^„ „, -Drn.n, L^.n) — 
{D'm m, Dm,rm Lm,m) for all n > TO and denoting this common isomorphism class by [D'^^, -Dm, ^m), we get 
a projective system in to > ni. Set R'^ = liml?^^, R^o = limD,„ and M^o = limL,„- The fact that for 
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each m > ni the maximal ideal of D'^ can be generated by g objects ensures that both i?^ and i?oo are 
Noetherian. 

Just as in |KW[ Proposition 9.3] we get a commutative diagram in CNLj^j^_. 

Rao 



Rq 5- i?Q 

with Roo Rq a . . . , t;i]]-algebra morphism, and an R,^ x -B[[si, . . . , s/i]]-module morphism Moo — ^ 

Mg satisfying parts (1), (2), (3), and (6) of the lemma. Parts (1), (2), and (3) all follow directly from 
the analogous statements at finite level. To see (6), first note that the free action of T on Spfi?^ follows 
from 11.231 and the fact that the group action chunks of 'Xj^™'"' on SpfD^ „ are free. The morphism S,^ is 
defined by the limit of the Sm- From the corresponding properties of Sm, it is immediate that the morphism 
Spfi?^ — > Spfi?ioc is constant on orbits of 1, and that for any object A in CNLq, x € Spfi?^(A) and 
a G 'X(y4), we have Soo(ax) = a'^Soo{x). It remains to see that the closed immersion Spfi?oo ~^ Spfi?^ 
identifies Spfi?oo with the closed subfunctor of points x with Soo{x) = 1. Note that at finite level, the 
subfunctor defined by Sm = 1, is represented by D'^^ and there is a surjection Df^^ Dm with kernel 
contained in m^„ . Then the closed the closed subfunctor defined by Joo = 1 is ^im D'/^ = ^im Dm = Roo ■ 

We now show (4) and (5). Let denote the ideal of Dm as in (c) of patching datum. Because ^im is 
exact on systems of finite objects, we have 

Noo/cmNoo - ker(i™/(si, ...,Sh)^ M^/CmM^'^). 

Then, since poo = ^m am-, we have XmN^o C poo-^oo, which implies -/Voo/poo-^oo is a torsion A module since 
Am has non-zero image in A. 

The morphisms i?ioc[[a;i, . . . , Xk]] -D^ for each m > 1 yield a CNL^jj^^ morphism i?ioc[[a;i, . . . , Xk]] ^• 
R^. Let aj„ be the ideal of Dm as in part (d) of the definition of a patching datum of level m. Since 
P'oc = dm and 

M</{{(i'mf + (Ploc, Xi, . . . , Xk)DlJ) C mS;^, 

we have 

Ai?(p'oo/((p'oo)^ + (ploc, Xi, . . . , ^ (0), 

which implies part (2) of the lemma since Xr has non-zero image in A. 

It remains to show part (7) of the lemma. The fact that Spfi?oo is stable under the action of I2 follows 
immediately from part (6). Note that for n > 2, the isomorphism G'* = Tpn-2 induces an isomorphism 
G* 2 = T2- If m > n the action of T2(C') on B[[si, . . . , Sh]] as in 14.2.81 stabilizes the ideal Cm and the 
compatible actions of T2(C') on Rn+2 and M„^2 descend to compatible actions on Dm,n and Lm,n- Also 
note that for a G T2(C), if we let a' G 1^2^'^\o /m^"^) denote the corresponding truncated group element, 
the diagram 

DL ^ Dm 



^m 

commutes. It follows that, after taking limits, the action of ^2{0) on Afoo is compatible with the action of 
12(0) on Roo- This establishes (7) and the lemma is proven. □ 



'CxD ' 



By part (1) of ll.2.3[ we have a CNLcj-algebra R^^ that represents the orbits for the action of T on Spfi?' 
and the morphism R^^ — )■ R'^ is formally smooth of relative dimension t. Note that as Spfi?^ — > Spfi?ioc is 
constant on T-orbits, we have a CNLq morphism i?ioc R]^ and R]^ R^ is a morphism of i?ioc-algebras. 
Part (2) of ll.2.3l thcn shows that the map R]^ — > R^o makes i?oo a torsor over R'^ with group 12- Let p]^ 
denote puUback to R'^ of po- Note that i?oo is finite over R'^ , so dimR]^ /p'^ = dimi?oo/poo = dimi?o/po, 
and 2 e p'^. Let pi,p2 G Speci?oo he over p'l^ G Speci?™^. Choose a characteristic 2 field L with 
embcddings i?oo/pi L and i?oo/p2 L- Since Rao is a T2-torsor over i?^^, there is a G '^2{L) such that 
if X denotes the point Roo — > i?oo/pi — J' i of Spfi?oo(i), then ax is the point Roo — > ^oo/p2 — > L. Since L 
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has characteristic 2, l2(i) is trivial, and pi = p2- So, poo is the unique prime of Roo above . It follows 
that (i?oo)p"™ is local and the natural map (i?cx))p'n^ (^oo)poc. is an isomorphism. It also follows that the 
p^'^-adic topology on {Roo)p^ is the same as the poo-adic topology on {Roo)p^, since (i?oo)po„/p"'^(-Roo)p„o 
is a finite local algebra over the field (i?^^)pinv/p™'^; hence is Artinian. Similar statements hold for any 
i?tx3-niodule, in particular the natural map of (i?J^'^)pinv -modules (Moo)pmv — >■ (Moo)p^ is an isomorphism 
and the topologies defined on {Moo)f,^ by p'^^ and poo are equivalent. Also note that this module is non-zero 
as the surjection Moo M induces a surjection (Moo)p,3^ (Afo'')p- 

Lemma 4.3.2. //q G Spec (i?oo)poo contains qur(Ji!oo)poc • then q is in the support of {Moc)p^ ■ 

Proof. We first show that Suppj-jf^-)^ (-^'^oo)poc is a union of irreducible components. Since A/oo is finite free 
over i?[[si, . . . , Sh]] and i?[[si, . . . , Sh]] is finite free over B[[ti, . . . , th]], we see that the (pA, yi, ...,?/_, , ti, ... , th)- 
depth of Moo, as a B[[ti, . . . , </i]]-module, is 

ht(pA,yi, . . . ,yj,ti,. . . ,th) ^ d + j + h. 

Since the image of (pA, yi, ■ ■ ■ ,yj,ti, . . . ,th) in i?oo is contained in poo, 

dcpth(^^)A^(Afoo)p^ > dcpthj^^ (poo, A/oo) >d + j + h. 

In particular, if q is an associated prime of (A/oo)p^ in Spec (i?oo)p^i we have 

(46) dim{{Roo);^/q)>d + j + h. 

Consider the morphism i?ioc[[a::i, . . ■ , Xk]] — > R'^o of l4.3.1l By part (3) of l4.3.11 this map induces a surjection 

(i?ioc)pij[xi,...,x,]]— >(i?:^)p,^. 

Since R'^^ is formally smooth over i?™^ of relative dimension t, and R]^ /p^^ = R'oo/p'oo^ there is an isomor- 
phism R'^ = . . . , zt\] that sends p'oo to p™^ -f (zi, . . . , zt). It follows that 

(^:x.)pi = (i?r)pV[[^i'---'^*]]- 

We have 

dim(i?oo)p^ = dim(i?j^^)^j^. = dim(i?^)^,^ - t < 1 + d + 3\So\ + k - t = d + j + h. 

Combining this with (|46)) . we see that the support of (A/oo)p^ in Spec (i?oo)p^ is a union of irreducible com- 
ponents. Then Chapter 2, §4, Proposition 19] implies that Supp^^^-j (A/oo)poo is a union of irreducible 
components. We are now reduced to showing that any minimal prime q of {Roo)p^ containing qur(-RcxD)poo 
is in the support of (Afoo)poo- 
The commutativity of 

(-Rloc)pi„, *- (^^cx,)p„ 




(-f^o)po 

and 14.2.31 implv that there is an element of Supp^^^j^ (-^^oo)poe whose image image in Spec (i?ioc)pioc is 
contained in the irreducible component determined by qu^ and no other. Thus, there is a minimal prime q 
of (i?oo)poo containing qur(^cx))poo ^^d in the support of {Moo)p^. Set q'"^ = q n (i?^'^)pinv. 

We now show that q'"^ = qur(-RSi^)pinv; in particular, qur(i?S^)pinv is prime. Since (i?™^)pinv — >■ (Roo)p^ 
is finite, q'"'' € Suppfoinv^ . (Moo)p .°°Let 0™^ be a minimal prhne of (R'^)\„ above q'"^. Using the 
isomorphism 

(i?:^)p\-(i?r)pV[[^i'- 

we see that i3'"^(i?' )^', is a minimal prime of {R'oo)n' ■ Recall we have a surjection 

(i?ioc)pij[xi,...,xfe]]— >(i?:^)p\, 

and that both of these rings have the same dimension. Bv 14.1. Gl and part (d) of the definition of nice prime, 
cf. I4.1.7[ (i?ioc/qur)p,o^ is normal; hence, so is (/?ioc/qur)pj^^ by |G31 Scholie 7.8.3 (vii)]. This implies that 
qur(^ioc)p,^^ is a minimal prime. The pullback of £3"" to {Rloc)p^^^[[xl, . . . ,Xk]] is a minimal prime that 
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contains q^r, so must be equal to qur{Rioc)p^^^[[xi, ■ ■ ■ , Xk]]- From this we conclude that n™^(i?^)p, = 

qur(i?;o)p^ , that Q'"^ = quriR^X- ' ^'^^'^^y "I"" = q-(^^")p';s- ■ 

We know that there is some minimal prime q of {Roa)p^ above qur(^JJJ,^)p';jv and in the support of (Moo)p^ ■ 
Since i?oo is a T2-torsor on R^^ and under this action poo is the unique prime above p™^, we see that I2 acts 
transitively on the set of minimal primes in {Roo)p^ above qur(^5^^)ciin^- We are reduced to showing that the 
support of (Afoo)poo is stable under this action. Let qi,q2 € Spec (i?tx))poo lie above qur(i?J^^)piiiv. If A is a 
CNLo-algcbra domain, then the natural map ^2(0) ^2{A) is surjective; hence, there is a G T2(C), such 
that the automorphism of (i?oo)poo induced by a sends qi to q2. By part (5) of 14.3. 1[ there is a compatible 
action of 12{0) on Moo- It follows that qi S Supp^^^-j^ {Moo)p^ if and only if q2 G Supp^j^^j^ (Moo)p^, 
i.e. the support of Moo is stable under the action of T2. □ 

4.3.3. We can now complete the proof of Proposition 14.1.81 Let q e Spec (i?o)po contain qur(-Ro)po- 
Pull q back to a prime of (i?oo)p,o and call it qoo- Bv 14.3.21 qoo is in the support of {Moo)p-^- Since 
h, ...,thG ker((i?oo)p^, (■Ro)po), we sec that qoo/(ii, • ■ • G Spec {{Roo)p^ / {h, ■ ■ ■,th)) is in the sup- 
port of {Moo)p^/{ti, . . . , i/i). Since sf G (ti, . . . , th){Moo)p^ for each i, we further deduce that qoo/ (ii, ■ ■ ■ ,th) 
is in the support of (Moo)p^ /(si, • . . , s/i) as an (i?oo)p^ /(^i, ■ • ■ , i/i)-module. But, by (3) and (4) of 14.3. 1[ 
(A^oo)p^/(si,...,s/i) = (A/o Then, since the action of (i?oo)p^/(ii, i/i) on (A/^ factors through 
(i?o)po and this map sends qoo/(ii, • ■ • to q, we conclude that q is in the support of {Mq □ 

4.4. An i?'""^ = T theorem. Unless specifically noted otherwise, keep the assumptions and notations of 
the previous subsubsections. If p is dihedral we let L/ F denote the unique quadratic extension of F such 
that 'p\gl is abelian. Let denote the maximal pro-2 extension of L unramified outside places above S. 
Let Lg denote the maximal subextension of L^/L such that the nontrivial element of Gal(L/F) acts on 
Gal{Lg/L) by -L 

We further assume that 

(i) for each v\2, [F, : Q2] > 4; 

(i) if L/F is CM, then there is some v\2 in F that does not split in L; 
(u) if L/F is not CM, then rankz^Gal(L<;/F) < [F : Q] - 3. 

Lemma 4.4.1. Take Q G SpccT^(C/, with 2 G £3 such that dim(T^,(C/, 77),n/Q) > [i^ : Q] - 3. 

(1) The specialization xci.v o/x""'^|/„ at Q is infinite order. 

(2) The the specialization pQ of pu,m o,t is non-dihedral. 

Proof. Since T^(C/, ry)^ is finite and torsion-free over A{Ip,ri) = (8)„|2A(/„, ry^), part (1) follows from the 
fact that dim(A(/i,, r^t,) (E)o ^) = [Fv ■ Q2] > 4, and so Q n A{Iy,r]y) defines a non-maximal prime ideal in 

Part (2) is trivial if p is not dihedral, so assume p is L-dihcdral. First assume that L/F is CM. Let v\2 
in F be such that v does not split in L. If pQ where dihedral, then part (3) of 12.4.41 together with ll.7!8l 
contradict the fact that XQ,v is infinite order. 

Now assume that L/F is not CM. Let B denote the subring of T,/,([/, rj)m/0. generated by traces of pQ, 
and note that T^, (JJ, 7y)m/i3 is integral over B. So, dimi? > [F : Q] — 3. We know that the image of 
Rf,s T^(t/, 7y)m/i3 contains B, and so has dimension > [F : Q] — 3. The result now follows from ll.7?7l as 
we have assumed rankzpGal(i^/F) < [F : Q] — 3. □ 

Lemma 4.4.2. Let X C Speci?^^ g be closed and pro-modular. If dim X > [F : Q] — 1, then X is contains 
a nice prime. 

Proof. Since X is pro-modular, we have to show X is contains a prime p such that 

(a) p has dimension one and contains 2; 

(b) pp is not dihedral; 

(c) for each v\2, the image of p in Spec A(G„, 77^,) is not contained in Z,„, the closed subschemc of 
SpccA(G„ry,„) defined by {xZ")^ = ^^2; 

(d) the image of pp contains a non-trivial unipotent element. 
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Let / be some ideal of R% g giving rise to X. Fix some (Tq G Gf such that p((To) has order 2 and let 
T e i?^ Q denote the trace of (Tq under the universal i?p c-deformation. Note that T G m^^. since p(o'o) has 

order 2. Let be a minimal prime ofRp s/{I,WE,T). Then Q is pro -modular and dim i?^ ^/Q > [F : <Q] — 3. 

By part (1) of 14.4.11 £3 n A{Gv,riv) is not contained in Z„ for any v\2, and by part (2) it is not dihedral. 
The diheral locus is closed, cf. 11.7.61 so the locus of primes in Spec Rpg/Q satisfying (b) and (c) above 
is open and nonempty. Since Spec (i?^ s/Q) \ {^-n^ /■-,} Jacobson, this open set contains a dimension 
1 prime; let p be such a prime. It remains to show that the image of pp contains a non-trivial unipotent 
element. Since T G p, trpp((To) = 0. Since vje € p, det/Op((To) = detp((To) = 1. From this we see that 
Ppi<^a)^ = 1- Since p(cro) has order two, so does pp{aa), and it is unipotent. □ 

Proposition 4.4.3. Every prime of Rp g is pro-modular. 

Proof. This proof is essentially the same as [SW21 Proposition 4.1]. By applving |4.4.2l to any minimal prime 
of T^{U,i])m, which has dimension 1 + [i^ : Q], we see that Rpg contains a nice prime. Bv 14.1.81 any 
irreducible component of Spec Rp g containing p is pro-modular. Fix one such irreducible component C. Let 
C be any other irreducible component of Speci?^ g. 

By 11.6.61 there is a presentation Rp g = A/{fi, . . . , fr), with A a complete local domain and dim A — 
r > 1 + [F : Q]- dimfH°{Gp, (Ad^)*'(l)). Since p is absolutely irreducible, dimr H° {G p , (Ad^)* {!)) = 

dim^ {G F , Adf / Z) < 1. Then [TTT771 implies that Rp g is [F : Q] ~ 1-connected, so there is a sequence of 
irreducible components 

such that dim(Cj n Q+i) > [i^ : Q] - 1 for each < i < n. Bv l4.4.21 Co n Ci contains a nice prime, and 14.1.81 
implies C\ is pro-modular. Continuing in this way, we deduce that Ci is pro-modular for each < i < n; in 
particular, C„ = C" is pro-modular. □ 



5. The Main Theorem 

We are now in a position to prove the main theorem. Before doing so, in the first subsection we recall 
some congruences proved in |KWj and [K2| that are necessary to be able to satisfy the assumptions of the 
^rod ^ theorem. We also prove a small lemma that shows the existence of ordinary lifts in the residually 
dihedral case. This is an application of a result of Wiles that allows one to insert a p-ordinary Hilbert 
modular form of parallel weight 1 into a p-adic family. 

In the second subsection we prove the main theorem. This is mostly routine, except that we must use 
some known cases of Leopoldt's conjecture in our base changes, to ensure the assumptions of 14. 4. 31 are met. 

In the last subsection we show how the main theorem implies the corollary from the introduction on 
modularity of (certain) elliptic curves, and give some examples of elliptic curves satisfying the hypotheses. 

5.1. Congruences. For simplicity we fix an isomorphism = C throughout this subsection. 

5.1.1. We fix a continuous absolutely irreducible 

p: Gf — > GL2(F) 
such that for each pjc^ is reducible. Write 




Let X denote the tuple x — {X'o)v\p- If we are given any finite field extension F' / F we will still denote by x 
the tuple {Xv\g^)w\vMp- 

Given a cuspical automorphic representaion tt of GL2(Ai^), we say that tt lifts p if, letting be the 
representation as in 12.4.11 there is a G_F-stable lattice in the representation space of whose reduction is 
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equal to p (after extension of scalars, if necessary). If tt is a p- nearly ordinary lift of p, we say that it is 
X-good lift if for each v\p we have 



with Xv a lift of Xy Similarly, if / is an eigenfunction in some S^°^{U,0) as in 12.2.21 and tt/ denotes the 
cuspidal automorphic representation of GL2(Ai?) associated to it bv l2.1.lDl we say / lifts p if tt^ does, and 
that / is a x-good lift of p if tt/ is. We keep track of x-good lifts in what follows. This isn't necessary for 
our applications to modularity of Galois representations (we will perform a base change to assume that p|g„ 
is either trivial or unipotcnt for each v\p), but we do so because it entails relatively little extra work. 

Lemma 5.1.2. //p is dihedral, then it has a x-good p-nearly ordinary regular algebraic cuspidal lift. 

Proof. Let Xv be the Teichmiiller lift of x^, and view it as taking values in . It suffices to prove the lemma 

in the case that Xv unramificd for each v\p. Otherwise, we take a finite order character 6 : F^\Ap 

such that OIqx — Xv\qx for each v\p, cf. [ATI §10, Theorem 5]. Then letting tt denote the resulting lift of 

J)® 9 ^ , the twist tt (g) will be the desired x-good lift of p. 

Note that the reducibility of p|g„ together with the assumption that p is dihedral implies that p|g„ is 
split or Xy = Xv a-nd p = 2. If p is odd, we let x'v be the Teichmiiller lift of x'„ for each v\p. li p = 2, we let 
x'y be the Teichmiiller lift of x'v for each v\2 such that pjc^ is split, li p = 2 and pjc^ is nonsplit, define Xv 
as follows. Let L/F denote the unique quadratic extension such that 'P\gl is abelian, and let w denote the 
unique prime above v in L. Since Xv has odd order, the fixed field of its kernel is disjoint from Lw/Fy, and 
we let x'v be the product of Xv with the nontrivial character of Gal{Lui/ Fv). In all the above cases, we view 
x'v as taking values in Q^. 

We first construct a totally odd dihedral representation po : Gp GL2(Q) lifting p. Write p = Ind^^x 
for a quadratic extension L/F and x • — >■ F^, enlarging F if necessary. Let x '■ Gl ^ denote the 
TeichmuUer lift of x- If p(c) 7^ 1 for any choice c of complex conjugation, we set pi — Ind^^x- If there is 
some choice of complex conjugation at which p is trivial, we use a trick of Serre. Note that in this case p = 2. 
Let {ti, . . . , Tfc} denote the set of embeddings F '->■ R where p is trivial. Then each splits in L/F, and we 

write CTi and ct- for the two embeddings above n. By |AT| §10, Theorem 5], there is a character ^ : Gl — > 
of order either two or four, such that ^ nontrivial at each {ai , . . . , Cfc} and trivial at each {a'l , . . . , cr^} as well 
as at every place above 2. Note that if ^' denotes the conjugate of ^ by Ga\{L/F), we have ^{c)^'(c) = — 1 
if c is the complex conjugation corresponding to any r € {ri, . . . ,Tk}. We set pi = Ind^^x^- Since ^ has 
order two or four, it is trivial mod 2, and pi is a lift of p. By choice of ^, the lift pi is totally odd. Also, 
because ^ is trivial at any place above 2 we have 



for x'v and Xv as above. 

A classical construction yields a cuspidal Hilbert modular newform /i of weight ((1, . . . , 1), (0, . . . , 0)), 
such that p/j = pi. Let tt/j denote the corresponding automorphic representation. For each v\p, the local 
representation (7r/j)t, is the principal series 7r(x^,Xf)- If x'v unramificd then the double coset operator 



acts on 7r(xJ,, Xf)'^^^^*^^"'' via x'vi^v) + Xvi^v)- In this case we replace /i with the ti-stabilized eigenform 
on which the double cosct operator 



acts via Xvi'^v)- We may then assume that T^^fi — Xu(^d)/i for each v\p. Then [W[ Theorem 3] allows 
us to insert fi in an ordinary p-adic analytic family and letting fk denote a classical specialization at some 
parallel weight k > 2, for each v\p we have T^^fk = oivfk for some congruent to Xvi'^v)- The automorphic 







representation generated by this fk is then a x-good lift of p. 



□ 
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5.1.3. Let K = (k, w) be an algebraic weight and let ip : F^\Ap — > be a continuous character such 
that tp{z) = Zp~^~^'^ on some open subgroup of A^. We denote by V'c the character ipc ■ F^\Ap — )- 
given by ipc{z) = ip{z)zp~^'^'^~'^ z'i^^~'^'^ , using our fixed isomorphism C = <Qp. Conversely, given a character 
ipc ■ F'^'\Ap such that tl^c{z) — z'^^~'^'^ on some open subgroup of A^, we let ip denote the character 

ip : F^\Ap -> (enlarging O if necessary) given by ^p{z) = 'ipc{z)z^^'"~^ Zp~^~^'^'^ . 

In what follows we can always ensure that the base changes performed are disjoint from any fixed finite 
extension K/F as follows. Let K' denote the normal closure of K. Let {v} be a finite set of places of F, 
unramified in K' and such that every conjugacy class in Gal(i^'/F) contains one such Frobi,. Note that this 
set can always be chosen to be disjoint from any given finite set of places of F. We then demand that our 
extension F' /F splits at all places in {v}. We will not repeat this argument in each of the lemmas below. 

We will call an extension F' / F a p-split allowable base change if 

- F' /F is finite of even degree, solvable, and totally real; 

- F'/F is disjoint from F^°'''; 

- any v\p in F splits completely in F' . 

For a given quadratic extension L/F, we say that an extension F'/F is an L-allowable base change if 

- F'/F is finite of even degree, solvable, and totally real; 

- F'/F is disjoint from i^*^"^; 

- if 'P\gi^ is abelian, and v\p in F docs not split in i, then no w\v in F' splits in F' L. 

Clearly, for any quadratic L/F ^ a p-split allowable base change is an L-allowable base change. In order to 
show that our automorphic representations have the desired central character, we are forced to perform base 
changes that are (possibly) ramified at places above p. However, in order to apply the results of 231 in the 
case that p is induced from a quadratic CM extension L/F, we need to ensure that pIg^/ stiU satisfies the 
assumptions of that section; in particular, that there is some v'\l in F' such that p|g„/ is nonslplit. This is 
why we introduce the notion of an L-allowablc base change. 

Lemma 5.1.4. Let n be a regular algebraic cuspidal automorphic representation o/GL2(Ai?) of weight k 
and central character ^c. Assume that tt is p-nearly ordinary and a x-good lift of]}. Let k' = (k',w') be 
another algebraic weight and let ijj'^ : F^\Ap — > be such that ip'f^iz) — z"^^ on some open subgroup 

of Ap. Let L/F be some fixed quadratic extension. 

Assume that ip tp' modulo the maximal ideal of O . Then, there is an L-allowable base change F'/F and 
a p-nearly ordinary regular algebraic cuspidal automorphic representation tt' o/GL2(Ai?') such that 

- the central character of tt' is Nmpi/p o tp'f^; 

- if w is an archimedean place of F' that extends the embedding r : _F ^ R, then tt^ is discrete series 
of lowest weight k'^ — 1 and central character z„ i— > sgn{z^)^-r\z^\'^^''^^'^'"'^ ; 

- for v\p, we have (O^^it") ^ 0; 

- tt' is a x-good lift ofji. 

Proof. Take some v\p. If v does not split in L, we let L^ be the completion of L at the unique prime above v. 
Let be the maximal pro-p subgroup of Op , and recall that Jp^ denotes the set of embeddings F^ ^ E. 
Let 4)y be the finite order O-valued character of Ul given by 

(/>l,(Zt,) = -0'(^l-) W 

We want a finite totally ramified extension F^/Fy of order a power of p such that (f>y o Nm^/ /p^ is trivial. 
However, if v does not split in L, we further require this extension is disjoint from Ly/Fy. If p is odd or if 
Ly/Fy is unramified, this is automatic. In the case that Ly/Fy is ramified, there is a choice of uniformizer 
vjy in Fy such that Wy is not a norm from Ly. By class field theory, the subgroup of Fy generated by the 
kernel of (j)y , the group of prime-to-p roots of unity, and the element zuy then gives the desired extension. We 
fix such an F^/Fy for each v\p. We now let F'/F be a finite solvable, totally real extension of even degree 
such that for any tijp in F and w\v in F' , the completion of F' at w is our fixed extension Fy/ Fy. Note that 
by choice of the F^, we have 

- ip'izp) o Nm^//i? = Zp~^ for every Zp G {i^pY, where (Z^p)^ is the maximal pro-p subgroup of 
{Op, (8zZp)X; 
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- if p\gl is abelian and v\p in F does not split in L, then no w\v in F' splits in F' L. 

We again denote by k and k' the weights of F' obtained from n and k! in the obvious way. We also again 
write %pc and ip'f^ instead of ipc ° Nnij?//j? and ip',^ o '^ira.pi/p. We again denote by tt the base change of tt to 
F'. 

Let D be the quaternion algebra over F' ramified at all infinite places and split at all finite places. Since 
7r„ is either principal series or Steinberg at each v\p, there is some a > 1 such that ttJ,™^^" ' ^ for any v\p 
in F' . Let U C G\j2{Of' ®i Z) be a compact open subgroup such that Uy = Iwi(i;°) for all v\p, and small 
enough such that tt^ ^ and 

(47) {U{h.'^,Y n t-^D'^t)/{FY = 1 

for every t G {D (g)F' Af,)"" . 

Using the Jacquct-Langlands-Shimizu correspondence, cf. 12.1.101 wc transfer tt to a Hecke eigenform in 
S^°^{U,0) (enlarging O if necessary). Since U satisfies (|T7|) . we have 

and similarly for S^?^,{U,0). Since U ~ U{p^'^) and t/j = -0' modulo the maximal ideal of 0, 12.3.71 gives 
Hcckc cquivariant isomorphisms 

This implies the existence of a Hecke eigenform g in 5"?^,, (C/, O) that is a x-good lift of p. The fact that the 
lift is x-good follows form the fact that the above isomorphism is cquivariant for T^^ for each v\p, and for 
(?;)"° for each y £ {Op' (Sz^pV ■ 

Now let V C GL2{Of' ®z ^) be another compact open subgroup such that = Iwi(u) for all v\p, such 
that Vy C Uy for all v \p, and small enough such that V also satisfies (|T7l) (with 1/ in place of U). Note that 
V f^U = V{p°''°'). Viewing g as a Hecke eigenform in 5'"?^, (l/(p°'°), O), we let m denote the corresponding 
maximal ideal of the universal nearly ordinary Hecke algebra T^/ {V). In particular, S"^? ^, {y{p°' °'), 0)m 7^ 0. 
Since V satisfies (gT]) (with V in place of U) and F(p"'")/y is a p-group, we get that S'^P^, (F(p'''"), 0)m is 
free over 0\V [p°''°') /V]] hence, S^' ,Tpi{V,0)m 7^ 0. Letting /' be any Hecke eigenform in S'k'.^/i' (1^, 0)^, its 
transfer tt' to GL2(Ai?/) satisfies the requirements of the lemma. □ 

Lemma 5.1.5. Let t: be a regular algebraic cuspidal automorphic representation o/GL2(Ai?) with central 
character -ipc. Assume that t: is a p-nearly ordinary x-good lift of]}. Let S be some (possibly empty) set of 
finite places of F , disjoint from {v\p}, such that for each u € S, we have TTy = (71, o det) (8" St with 7^ a 
character of F.^ . 

There is a p- split allowable base change F' / F and a p-nearly ordinary regular algebraic cuspidal automor- 
phic representation n' o/GL2(Ai?'), such that 

- the central character of ix' is ipc ° N^mF'/F/ 

- for any archimdean place v of F and w\v in F' , 7r„ = tt'^ as {Ql2,0(2))-modules; 

- for any finite place w not above p or any of the places of T,, 7r(, is unramified; 

- for u G S and w\v, tt^ ^ (71, o Nmpi^/p^ o det) (g) St; 

- for any v\p in F, if a > 1 is such that ttJ,*^^" ^ 7^ 0, then for any w\v in F' , we have {t^'^jY^^^^ ^ 7^ 0; 

- tt' is a x-good lift of 'p. 

Proof. For ease of notation, we will throughout denote the base change of a character by the same letter, 
in particular again write ip and 7^ for ijj o Nm^^/^^ and 7^ o Nm^'/ jp^, respectively. For each v\p in f , let 

Oy > 1 be minimal such that ttJ,^^^" ^ 7^ 0. 

Let Fi/F be a p-split allowable base change such that, letting tti denote the base change of tt to Fi, if w 
is a finite place of Fi with v \ p at which (tti)^ is ramified, then (tti)^ is an unramified twist of the Steinberg 
representation, and such that the number of places above S in Fi is even. Let Ei denote the set of places 
of Fi above S. Let Qi denote the set of places v in Fi such that (7ri)„ is ramified and w ^ Si U 

Choose a finite place wq ^ I]iU(3U{u|p}, and let N^^ be the order of GL2(fc^n). Ghoose ap-split allowable 
base change F2/F1, split at wq, such that for any finite place v above Qi, the order of the p-subgroup of 
is divisible by the p-part of 2p(4A'^u,,-,). Let S2 denote the set of places of F2 above Ei and similarly for 
Q2. Let 7r2 denote the base change of tti to F2. Because F2/F is split completely at places above p in F, 
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for any v\p in F and w\v in F^, we have {tt2)w — t^v as Gh2{F-u,) = GL2(i^i,) representations; in particular, 

Let D denote the quaternion algebra over F2 ramified at all archimedean places and all places in S2, and 
split elsewhere. Fix a maximal order Od of D and isomorphisms {Od)v — M2x2(Cf„) for every split v. Let 
U denote the open subgroup of {D (E)F2 A."^^)^ such that 

- = GL2{Of, J for w ^ E2 U O2 U {w\p}; 

- = for V e E2; 

- Uy ^ lvf{v) for V & Q2\ 

- Uw — Iwi(w"") for w\p. 

By our choice of F2, if V denotes the open compact subgroup of GL2(A^) given by 14 = [/„ for u ^ E2 
and Vi, = Iw(v) for w e S2, then 7^ 0. Let k denote the weight of 112- Via the Jaquet-Langlands-Shimizu 
correspondence, 1^2 is generated by a Hecke eigenform in 5"°^ ({7,0) (enlarging O if necessary). 

Define an open subgroup U' of {D A^)^ be letting U'^ = Uy for v ^ Q2, and for v & Q2 we set 

[/,', = I ^ ^ ^ ) ^ Iw(w) : a = d mod m„ 

Bv l2.1.4l we can take a non-trivial character x : Ht'eQa of p-power order, and of order divisible by 

4 if p = 2, such that when viewed as a character of U{A'^)^ , with kernel containing [/'(A^)^, it is trivial 
on (C/(A^J^ n i-ii:)^t)/J^^ for any t e (L> A^jx. 

Viewing Wk.{0)($oO{x) as a representation of J7(A^)^ , we let Sk,^^.,p{U, O) denote the space of functions 

f ■.D''\{D®pK%r -^W^{0) ®oO{x) 
such that f{xu) = u^^f{x) for all a; G U and f{zx) = ip{z)f{z) for all z E (A^)^. Fixing a set of 
representatives {t} for the double cosets D^\{D(E}f2 ^^2)^ /^(^f'-,)^ ' have an isomorphism of O-modules 

5.«,,4[/,o) - w^.(o)(x)(^(*^^)^™"^^^*'/^^ . 
{*} 

Since x is trivial on each of the ([/(A^J^ n t^^D^t)/F2 , and x is of p-power order, SK^^,ti){U,0) and 
Sk,^{U,0) have the same O-rank and the same image in S'k,^(C/, F). The isomorphism 

(48) S^,^iU,0)®oV= S^^^^^iU,0)®o^ 

then implies the existence of a nearly ordinary maximal ideal m in the Hecke subalgebra of End(S'K0;^^^(C/, O)), 
with — P- Note that the nearly ordinary condition is preserved since Q does not containing any places 
above p, so the isomorphism (|48p is equivariant for T^^ for each v\p, and for (?/)"° for each ?/ S (Of' <8)zZp)^ . 

Choose a Hecke eigenform in S^^^^^{U, 0)m, and ttj denotes the cuspidal automorphic representation of 
GL2(Ai?2) obtained from it via the Jacquet-Langlands-Shimizu correspdonance. Then we have 

- the central character of ttj is V'C ° Nm^ ^ / f ! 

- for any archimdean place w of F and w\v in F2, {7^2)^ — as (2^2^ 0(2))-modules; 

- for any finite place w ^ S2 U Q2 and not above p, (Trj)^, is unramified; 

- for any v € E2, {'^'2)v = {iv ° det) (g) St; 

- for any v G Q2, (Tryi, is a ramified principal series; 

- TTj is p-nearly ordinary; 

- for each v\p, (Trj)^,™^'""'' 7^ 0; 

- is a x-good lift of p\gp^ ■ 

We can then find another p-split allowable base change F' / F2, such that the characters defining the principal 
series representations {tt'2)vi for v G Q2, become unramified. Letting tt' denote the base change of ttj to F' 
gives the result. □ 

Lemma 5.1.6. Assume p = 2. Let D be a quaternion algebra with centre F, ramified at all archimedean 
places and at a nonempty set S of finite places not containing any places above p. Fix a maximal order Od 
of D. Fix an algebraic weight k, a continuous character : F^\{A^)^ — > , and an open subgroup U of 
(D(8)_F A^)^ such that 

- Uy C GL2 (O F„ ) for V at which D is split; 
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- Uy = for each v G E, 

- C/jj 3 Iw(w) for each v\p, 

- the action of U (1 (A^)^ on Wk,{0) is given by tp~^ , 

- (C/(A|?)^ nt~ii:»^<)/F^ = 1 for eachte (D^pAf)''. 

Let U' denote the maximal compact subgroup of U . Let m be a maximal ideal of T^°^(U' ,0) and let f S 
S^°^{U' ,0)m be o,n eigenform such that for each G S, the action of on f is via 7i, o i^jj, with 7,1, : 
— >■ an unramified character and vd the reduced norm of D. 
For each v €z T, let 7^, : _F!„^ — > be either 7^ or --"fy. There is a Hecke eigenform f G 0)m 
such that Z3,y acts on f via 7^ for each t; G E. 

Proof. Let A = Hues I {^vY^^ ,■ The reduced norm defines an isomorphism 

C/(A^)^/?7'(A^)^ ^ A. 

Fix coset representative {t} for D^\{D ®p A'^)'^ /U{K^)^ . Bv l2.1.7l our assumptions on U implie that we 
have an isomorphism of ©[AJ-modules 

{*} 

and S^^^{U',0) is free over 0[A]. Since A is a 2-group, 0[A] is a local ring and Sl°^,{U' {p°-°'),0)m is also 
free over C[A]. Since 

i?[A] - n ^(^) 

X:A^{±1} 

we see that the O-rank of the submodule of S^^°^{U' ,0)m consisting of elements on which acts via 7t, 
for all w G E is equal to the O-rank of the submodule on which acts via 7^, for all w G E. □ 

Lemma 5.1.7. Let tt be ap-nearly ordinary regular algebraic cuspidal automorphic representation o/GL2(Ai?) 
that is a x-good lift of p, and let with ipc denote its central character. Let T, be a finite set of finite places 
not containing any above p such that for every w G E, 7r„ is unramified and /3|g„ is an extension ofj^ by 
Iv^! for some unramified character jy : Gy with 7^ = V'Ig^ • 

Fix some finite place wq not in E and not above p. There is a p-split allowable base change F' / F and a 
p-nearly ordinary regular algebraic cuspidal representation tt' o/GL2(A'p) such that 

- the central character 0/ tt' is ipc ° Nm^//^; 

- for any archimdean place v of F and w\v in F' , tt^ = 7r„ as {Ql2,0{2))-modules; 

- TT is unramified outside the places above E, the places above p, and the places above wq; 

- for any w G E and w\v in F' , n'^ = (7^, o Nmj^/ /p^ o det) ® St; 

- for any v\p in F and w\v in F' , if a> 1 is such that ttI,"^^" ^ 7^ 0, then (7r(„)^'"i("' ' 7^ 0; 

- tt' is a x-good lift of]}. 

Proof. We prove this as in [K2[ Lemma 3.5.3]. For ease of notation, we will throughout denote the base change 
of a character by the same letter, in particular again write tp and 7„ for ip o Nm pi /p and jy for 71, o Nm pi /p^ , 
respectively. Also, given an algebraic weight k = (k, w) for F we will again denote by k = (k, w) the 
algebraic weight for F' given by letting {kTi,Wr') = {k^-jWr) if r' : F' ^ M extends t : F ^ B.. For each 
v\p, let Ot, > 1 be minimal such that tt^'"^ ^ 0. 

By first performing a quadratic p-split allowable base change if necessary, we may assume that [F : Q] is 
even. Let k = (k, w) denote the weight of tt, and ■0 denote the O^ -valued character of (A^)^ corresponding 
to the central character of tt. Let Dq denote the quaternion algebra ramified at all archimedean places of F 
and split at all finite places of F. Fix some finite place wq ^ TiU {v\p}. Let U be an open compact subgroup 
of GL2{Op (g)z Z) such that 

- Uy — G\j2{Op^) for all finite places v \ pwo such that 7r„ is unramified; 

- Uy ~ Iwi(t;"") for each v\p; 

- TT^^O; 

- (J7(A^)^ nt-i£»^t)/F^ = 1 for every t G (D^f A|?)^. 
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The last condition can be ensured by taking Uwq small enough. By the Jacquet-Langlands-Shimizu corre- 
spondence, TT is generated by some T^°0(J7, 0)-eigenform in S'"°^([/, O) (enlarging O if necessary). 

Take 2 < fc < p+1 and w G Z such that k+2w = kr+2'WT for any t ^ I, and let kq = {{k, . . . ,k), {w, . . . , w)). 
We have a Hccke cquivariant isomorphism, cf. 12.3.71 

So, there is an eigenfunction /o G S^°^,{U,0) that is a x-good lift of p. 

Write S = {wi, . . . , Wr}- Choose a tower of quadratic extensions F = C Fi C • • • C i^r, with each 

Fi/Fi-i a p-split allowable base change such that for any 1 < j < any w G Fi^i above Vj splits in 
Fi li i = j and is inert in Fi otherwise. Let Di be the quaternion algebra with centre Fi, ramified at all 

archimedean places and all places above vi, . . . ,Vi, and split elsewhere. Let be a fixed maximal order 

of Di . We will show, by induction, that there is an open subgroup Ui of {Di (X) p. ) ^ and an eigenfunction 
/, G such'that 

(a) for any 1 < j < i, ii w\vj then {Ui)w ~ [Di)^ acting on VFkq(O) by 7".^ o vo^, with vo^ the reduced 
norm of Di] 

(b) {Ui)w = Iwi(?i;''") for any v\p in F and w\v in i^^; 

(c) [Ui)w = GL2(C'Fi,^) for any finite w not above {wi, . . . ,Vi, wq} such that JJy = GL2(C'f„); 

(d) (C/»(A^)>^ n t-^Dft)lF^ = 1 for any t G (A A^)><; 
(c) fi is a x-good lift of p. 

Take < i < r, and denote by m the maximal ideal of T"° ^{Ui,0) corresponding to fi. Since 2 < k < 
p + 1, there is a perfect pairing ( , ) on Wk{0), cf. |T21 §1], and thus a perfect pairing on Wko{0), which 
we also denote by ( , ). Fix a set of coset representatives {t} for Df\{Di ®p. A"^)^ /U{A^,)^ . Assumption 
(c) allows us to define a perfect pairing on SKo,-4i{Ui, O) by 

{hi, h2); = ^(/Ji W, h2{t))4' o voAty^- 
{*} 

Define an open subgroup [// of {Di ®Fi A^)^ by letting {U[)w = {Ui)w if w is not above v^+i and {U[)w = 
Iw(ii;) if w is the unique place in Fi above w^+i. By our assumption 011 p|g„ .^j j we see that 

{Tl^^ - (Nm(«,+i) + l)V(w..+J)^K0.v>(f/.,O) C m5.„.v,(f/.,0). 

Pulling back m to a maximal ideal of T"° ^{Ui,0), |K21 Corollary 3.1.11] shows there is an eigenfunction 
h G S^° jp{Ul,0) that is in the support of m and is w-new, for w the unique place of Fi above u^+i. If 
{Di)^.^^ does not act on h by 7„;^i o i/^j. , then we must have p = 2 and ^-^ts on h via —^vi+-i ° ^Di ■ 

Applying 15.1.61 allows us to assume {Di)^. ^ acts on h by 7u._|_i o i/jj.. Considering the base change of h to 
Fi^i together with the Jacquet-Langlands-Shimizu correspondence then yields the desired /i+i, and with 
Ui+i an open subgroup of ^Pi+i A^^J^ such that 

- {Ui+i)w = (A:+i)^ for any 1 < j < i + 1 and w\vj; 

- {Ui+i)w = Iwi(?i'"'') for any v\p in F and w\v in i^^+i; 

- {Ui+i)w = GL2(C'Fi+i,„) for any finite w not above {vi, . . . ,Vi+i,wo} such that Uy = GL2(OFt,); 

- for w\wo in Fi+i, we take {Ui+i)w small enough so that {Ui+i{A'^, )^ r\t~^D^^-^t)/F^^j^ = 1 for any 
tG (A+i®F.+i A^^jx 

Having obtained fr, we again use 12.3.71 to obtain a x-good lift of p of level A and weight k' , where 
{kr',WT') = {kr,Wr) for any r' G Ip^ extending r G /. Then, applying Jacquet-Langlands-Shimizu to /,', 
yields the result. □ 

We now group most of the above lemmas into one proposition. 

Proposition 5.1.8. Let n be a p-nearly ordinary regular algebraic cuspidal automorphic representation of 
GL2(Af) that is ax-good lift of 'p. Let k ~ (k, w) be an algebraic weight and ipc : F^\Ap — > a character 
such that V'c(-z) = on some open subgroup of Ap. Let S be a finite set of finite places not containing 

any places above p. For each u G S, fix an unramified character : F^ ^ such that p|g„ '5 an extension 
oflv Iv^ '^'^'^ such that ^v{vJv)'^ = '4'{'^v)- Fix a quadratic extension L/F . 
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There is an L-allowable base change F' / F and a p-nearly ordinary cuspidal automorphic representation 
tt' o/GL2(Aj;-') such that 

- TT has central character ■i/'c ° Nm^^//^; 

- if w is an archimedean place of F' that extends the embedding t : F ^ W, then tt'^ is discrete series 
of lowest weight ^ 1 and central character i— > sgn(2t„)'^^ |zt„p~'^^~^™^; 

- if w is a finite place of F' with w \ p and w not above any place in S, then tt^ is unramified; 

- if w is a finite place of F' lying above some place in v Cz T,, then tt^ ^ ilv,C ° Nmj?/ /f„ ° det) <Si St; 

- for anyw\p, {tt'J''"''^'^^ ^ 0; 

- tt' is a x-good lift of 'p. 

Proof. Note that if p is odd, the unramified characters 7^ are determined uniquely by V' and p, but if p = 2, 
then they are only determined up to sign. We first apply [5X4l to obtain tti with the right weight and central 
character, and such that (Tri)^^^^^'"^ 7^ for any w\p. We then apply [5?T31 to obtain 1:2 that is unramified for 
eyery v \p. We then apply [STTZl to obtain 773 such that tts is our desired twist of Steinberg at each w aboye 
w e S. However, tts may no longer be unramified at all places not above E and p. So, we apply ISTTTSl one 
more time to get our desired tt'. Note that when applying 15.1.51 this last time we can ensure that the places 
above those in E remain the desired twist of Steinberg. □ 

5.2. Proof of the main theorem. Wc can now prove our main theorem. 

Theorem 5.2.1. Let F be a totally real suhfield of Q. Let Jp denote set of embeddings F ^ Q. Fix 
embeddings Q ^ Q2 '^'^'^ Q ^ C. Via these embeddings we view Jp as the set of embeddings {F ^ M} as 
well as the set of embeddings {F ^ Q2}- For any v\2 in F, let Jf,v ^ Jf denote the subset of t that give 
rise to v. We identify Jp^y with the set of embedding Fy ^ 
Let _ 

p:Gp^ GL2(Q2) 

be a continuous representation unramified outside finitely many primes. Assume there is some (k, w) G Jp, 
with kr > 2 for each t € Jp and w = kr + 2wr independent of t, and such that 

(1) dot p — (j)ep~^ , with (j) a finite order character; 

/ * * \ 

(2) for each v\2, p\g^, = I such that viewing Xv o,s a character of F^ via class field theory, 

\ ) 

Xv{y) = rireJF,,, y'""" '"^ -'""^^ "P^"^ subgroup of Opj 

(3) for each choice of complex conjugation c, det p(c) = —1. 

Let p : Gp — > GL2(F) denote the residual representation associated to p. We assume 

(4) p is absolutely irreducible; 

(5) If L/F is a CM extension such that 'p\gl ^■s abelian, then there is some v\2 in F that does not split 
in L; 

(6) there is a 2-nearly ordinary regular algebraic cuspidal automorphic representation ttq of Gh2{Ap) 
with Ptto = p. 

Under these assumptions p is modular, i.e. there is a 2-nearly ordinary regular algebraic cuspidal auto- 
morphic representation n of Gh2{Ap) such that p = p^. 

Proof. First note that by solvable base change, it suffices to prove the theorem after replacing F with any 
finite solvable totally real extension of F. 

In the case that p\g^, is split for v\2, we fix Xv as in (2). Recall that if p is solvable, then there is a unique 
quadratic extension L/F such that 'p\gl is abelian. In the case that this L/F is CM, we fix a vo\p satisfying 
(5). We can find a totally real solvable extension F' /F of even degree such that 

- F' / F is disjoint from the fixed field of ker p 

- for any v\2 in F' , we have [F^ : Q2] > 4; 

- for any v\2 in F' , the image of p|g„ has order two if v is above our fixed place vq, and is trivial 
otherwise; 

Now assume p is dihedral and that L/F is not CM. Let r and s denote the number of real and complex 
embeddings of L into C, respectively. By assumption, r > 1. Let L^ denote the maximal pro-p abelian 
extension of L unramified outside S. Let denote the maximal sub-extension of L^ / L such that the 



MODULARITY OF NEARLY ORDINARY 2-ADIC RESIDUALLY DIHEDRAL GALOIS REPRESENTATIONS 



83 



nontrivial element of Gal(L/F) act on Gal{Lg/L) by —1. We distinguish two sub-cases depending on 
whether or not L is contained in the 2-adic cyclotomic extension of F. 

First assume that L/F is not contained in the 2-adic cyclotomic extension. Let F^ denote the totally 
real subficld of the cyclotomic extension F{fi2^)- Set L„ = FnL, and let r„ and s„ denote the number of 
real and complex embeddings of L„ into C, repsectively. Note that r„ > [F„ : F]. The subgroup of on 
which Gal(L„/F„) acts via the nontrivial character has rank 

The weak Leopoldt conjecture is known to hold for the tower {i„/L}„>i, c.f. [NSWl Theorem 10.3.25]. 

Hence, letting denote the closure of in (Ol^ 02^2)^ and letting {O^ Y denote its maximal pro-2 
subgroup, there is a constant c such that 



rankzO^^ - rankz^O^J^ < c 

for all n. Then, we have 

rankz,Gal((L„)s/L„) < [F„ : (Q 



[Fn : F] 



2 

for all n. Be replacing F with F„ for n sufficiently large, we may assume that rankz^Ga^L^/L) < [F : Q] — 3. 

In the case that L/F is contained in the 2-adic cyclotomic extension, we use an idea of [S5]. Notice that, 
if Lq denotes the maximal abelian subextension of L/Q, then L ~ LqF. Set FqC) Lq. Choose an odd prime 
i such that Q(^^°=) is disjoint from the fixed field of kerp. Let M„ denote the sub-extension of Q(/Xf°o)/Q 
of degree in particular, Af„ is totally real. Since Lq/Fq is not CM, there is a subgroup of of rank 

at least ^" — 1 on which Gal(M„Lo/Afn-fo) acts via the nontrivial character. Since Leopoldt's conjecture is 
known for abelian extensions of Q, the closure of this subgroup has a maximal pro-2 subgroup of Z2-rank at 
least — 1. The same is then true for M„i/A/„F, and 

rankz,Gal((A/„L)5/(A/„L)) < [A/„F : Q] - T + 1. 

Be replacing F with A/„F for n sufficiently large we may assume that ianki^Ga\{L^ / L) <[F : Q\ — ?>. 

Let S denote the set of finite places not above p at which p is ramified. Recall that an L-allowable base 
change is an extension F' / F such that 

- F' / F is finite of even degree, solvable and totally real 

- F' / F is disjoint from F 

- if pIgi, is abelian, and v\p in F does not split in L, then no w\v in F' splits in F' L. 

By replacing F with an L-allowable base change we may assume that [F : Q] and S are both even. 

By replacing F with an L- allowable base change we may assume that for any w G S, the local representation 
p\g^ is an extension of 71, by 7«ep, for some unramified character 7^,. By further replacing F with an allowable 
base change. 15.1.81 implies we may assume the same properties for p^^ , with the same characters for v £Ti, 
as well as that ttq has weight (k, w), and that det p = detpTro- Moreover, because 15.1.81 allows us to assume 
that (ttq)!,^^^"^ 7^ for each v\2, writing 



PttoIG, = 

with x2 lifting Xv^ we have xS(y) = rire Jf V^^^ every y ^U^, the maximal pro-2 subgroup of Op^. 

For each v\2, let 0„ denote the finite order character of given by (j)v{y) = Xviu) YItgJfv ■ want 
a finite totally ramified extension F^/Fy of order a power of 2 such that cjiyolSlmpi /p^ is trivial. However, if v 
does not split in L, we further require this extension is disjoint from Ly/Fy, where Ly denotes the completion 
of L at the unique prime above v. We require this in order to ensure the resulting base change still satisfies 
condition (5) of the theorem. If Ly/Fy is unramified, this is automatic. In the case that Ly/ Fy is ramified, 
there is a choice of uniformizer Wy in Fy such that Wy is not a norm from Ly. By class field theory, the 
subgroup of F^ generated by the kernel of (j)y, the group of prime-to-2 roots of unity, and the element Wy 
then gives the desired extension. We fix such an Fy/Fy for each v\p. Let F' / F be a finite solvable, totally 

real extension of even degree, disjoint from F such that for any v\2 in F and wlv in F', the completion 
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of F' at w is our fixed extension Fl/Fy. Then, F' jF is i-allowable, and replacing F with F' ^ we can now 
assume that for every v\2 in F and every y G W^, we have Xu(!/) = IlTGJFt. 2/"™^- 

Let i? be a finite sub-extension of Q2/Q2 that contains the image of p and p^^^^ and let O denote its 
ring of integers. For each v\2. rccaU that denotes the abehanization of denotes it inertia 

subgroup, and G'^''(2) and /^^(2) denote their respective maximal pro-2 quotients. Recall also, the notation 
A(G'„) = 0[[G^'^(2)]] for v\l, and k(G2) = (8)„|2A(Gt,). By our choice of base changes, for every i;|2, the 
restrictions of Xv and to the maximal pro-2 subgroup of are equal. In particular, the restrictions of Xv 
and x2 to the 2-torsion subgroup of are equal. Viewing Xv xS ^ lifts of for each v\2. this implies 
that the O-valucd points of A(G2) determined by {Xv)v\2 a-nd (xS)f |2 lie on. the same irreducible component. 

Let S* = E U {v\p\ U {u|cx)}. Using the Jacquet-Langlands-Shimizu correspondence, the properties of ttq 
allow us to transfer ttq to a nearly ordinary eigenform / as in 14.1.21 The field F and residual representations 

satisfy the assumptions of l4.1.1l as well as 14. 4. 31 Then letting Rp g be the quotient of RF,s®k{Gp) as in l4.1.41 
we see that (p, {xv)v\2) defines a point of Spfi?^ g. Bv l4.4.3[ the representation p arrises as a specialization of 
the big modular Galois representation in l2.4.4l via an C-algebra homomorphicm ([/) — Q2 (for appropriate 
[/). By our assumptions on the determinant and local behaviour of p. the kernel of this specialization is 
an arithmetic prime, and it factors through T"°^,([/(p°'°), O) for some a > 1 bv 12.3.101 The theorem now 
follows from the Jacquet-Langlands-Shimizu correspondence 12.1.101 □ 

Our theorem from the introduction is a result of 15. 2. II above together with 15.1. "21 

5.3. An application to elliptic curves. We show how the main theorem implies the corollary from the 
introduction and conclude by giving some examples of elliptic curves satisfying the assumptions of the 
corollary from the introduction. For any finite place v of F ^ we normalize the valuation vah, at v so that a 
uniformizer has valuation 1. 

5.3.1. Proof of the main corollary. Let E be an elliptic curve over F given by the the Weierstrass equation 

y^ = x:^ + ax ^ b. 

The curve E has 2-torsion defined over F if and only if x^+ax+b is reducible. Further, the Gi?-representation 
E[2]{Q) is absolutely irreducible if and only if the splitting field oi x^ + ax + b is an S'3-extcnsion, which 
happens if and only if x^ + ax + b is irreducible and the discriminant 

A = -16(40'"^ + 276^) 

of the Weierstrass equation is not a square in F. If the action of Gf on i?[2](Q) is absolutely irreducible, 
then the unique quadratic extension L/F for which the action of Gl on i?[2](Q) is abclian is F{\/A). Lastly, 
E has multiplicative reduction at v\2 if and only if jE is non-integral at v, and has potentially ordinary 
reduction if and only if j'b is a unit at v, c.f. [S3| Chapter V, Exercise 5.7]. The corollary now follows from 
the main theorem. □ 
Note that any elliptic curve satisfying our assumptions is not CM. If it were, then there would be a 
quadratic CM extension L/F such that the representation Pe\gl abclian. By the absolute irrcducibility 
of E[2]{Q), we have L ~ F{\/A), and A is totally negative. The reducibility of pe\g^ for each v\2 then 
implies that every v\2 splits in F{\fA), a contradiction. 

5.3.2. An example. We give some examples of elliptic curves satisfying the assumptions of the corollary. Let 
jo € F he any real number satisfying 

(a) val„(jo) < for all v\2; 

(b) there is some v \ 6 such that val^(jo) = 1; 

(c) jo — 1728 is not a square in F; 

(d) either 

- there is some a : F ^ M. such that cr(jo) > 1728, or 

- there is some v\2 such that val^,(jo) is odd. 

Note that condition (c) can be ensured by assuming either that there is some real embedding a such that 
cr(jo) < 1728, or by assuming there is some finite place v such that valy{jo — 1728) is odd. 

We will show that any elliptic curve E over F with j{E) = jo satisfies the conditions of the Corollary. 
Note that if E and E' are non-CM elliptic curves over F with the same j-invariant, then they are quadratic 
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twists of each other. Since a quadratic twist has no effect on 2-torsion, it suffices to show one elhptic curve 
with j-invariant jo satisfies the hypotheses of the coroUary. 

Let Eq be the elhptic curve over F given by the Weierstrass equation 

2 3 2 7 jo 2 7 jo 



4(jo- 1728) 4(jo- 1728)- 

One computes that the j-invariant of this elhptic curve is equal to jo, and that the discriminant A of the 
cubic in the above Weierstrass equation is 

^ ^ 27 JO V , ^^f 27jo y\ _ 26.3i2.j2 



16 -— +27 



4(jo- 1728); V 4(jo- 1728); J (jo- 1728)3' 

which is not a square in F since jo — 1728 is not a square in F. Since there is some finite v \ 6 such that 
vali,(jo) = 1, we have vali,(jo — 1728) ~ and val^, (~ Ai^jgllns,) ) ~ ^- Then, 

3 27jo 27jo 
X — 



4(jo - 1728) 4(jo - 1728) 

is irreducible by the Eisenstein criterion at v. Lastly, if there is a real embedding a F such that cr(jo) > 
1728, wc have 



cr(A) = a ^ > 0, 

^ ' V(J0 - 1728)3; 

and A is not totally negative. If there is some v\2 such that vali,(jo) is odd, then since it is also less than 
than or equal to zero, vali,(jo — 1728) = val„(jo). Then, jo — 1728 is not a square in F^^ and neither is A. 
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